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Abstract

Let f : X → S be a unipotent degeneration of projective complex manifolds over a
disc such that the reduction of the central fibre Y = f−1(0) is simple normal cross-
ings, and let X∞ be the canonical nearby fibre. Building on the work of Kontse-
vich, Tschinkel, Mikhalkin and Zharkov, I introduce a sheaf of graded algebras Λ•

on the dual intersection complex of Y , denoted ∆X . I show that there exists a map
Hq(∆X ,Λp)→ grW2q H

p+q(X∞,Q), where W is the monodromy weight filtration, which

is injective whenever there exists a class ω ∈ H2(Y ) which is combinatorial and Lef-
schetz, a certain technical condition. When f is a Type III Kulikov degeneration of K3
surfaces, the sheaf Λ1 recovers the singular affine structure of Engel and Friedman. In
this case, I show that a sufficient condition for existence of such class is the existence of
a positive d′′-closed (1, 1)-superform or supercurrent in the sense of Lagerberg on ∆X .
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1. Introduction

1.1. Overview of the results. Given a reduced proper complex algebraic variety X
such that its irreducible components are smooth and intersect normally, the combina-
torics of intersections of the components determines part of the singular cohomology
of X. This object appears, for example, in [ABW13] under the name “combinatorial
part of the cohomology” and is identified with the top weight piece of the associated
graded of the cohomology of X, with respect to the weight filtration defined by Deligne
[Del71]. In a similar vein, recently [CGP21, CGP19] studied the top weight cohomology
of the moduli space of curves using tools from tropical geometry, which help describe
the combinatorics of the intersections of the components of the boundary divisor in the
Deligne-Mumford compactification. Finally, if f : X → S is a proper morphism from
a complex manifold to a disc, smooth away from the snc divisor Y := f−1(0), then by
work of Steenbrink [Ste76, Ste95] weight 0 part of the limiting mixed Hodge structure
on the cohomology of Xt for t sufficiently small is isomorphic to the singular cohomol-
ogy of the dual intersection complex of Y , a CW-complex encoding the intersections of
its irreducible components (a more functorial version of this statement was obtained by
Berkovich [Ber09]).

In this paper I extend the results of Steenbrink and Berkovich, defining certain con-
structible sheaves Λp of Q-vector spaces on the dual intersection complex for each
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integer p ≥ 0, such that cohomology of Λp can be related to the cohomology of Xt,
recovering parts of cohomology in even weights of the limiting mixed Hodge structure
on Xt. These results are motivated by the non-archimedean approach of Kontsevich
and Sobelman to the SYZ conjecture [KS06], where singular affine structures on the
dual intersection complexes of Y for certain minimal degenerations play an important
role. In fact, in the case of minimal Type III degenerations of K3 surfaces constructed
by Kulikov, Persson and Pinkham [Kul77, PP81], such singular affine structures have
been studied in [GHK15, Eng18, AET19], and it turns out that the sheaf Λ1 defines
the same singular affine structures for this class of degenerations. For more detailed
discussion, see Section 1.3.

In the following denote f : X → S a proper morphism from a complex manifold X to
a disc S, such that the reduction of the central fibre Y =

∑
i∈I NiYi is a simple normal

crossings divisor. We assume Q coefficients for cohomology everywhere. Denote X∞
the canonical nearby fibre and let N = log T , where T : H•(X∞,R) → H•(X∞) is the
monodromy endomorphism, which is assumed to be unipotent. Call a class ω ∈ H2(Y )
cohomologically Kähler if ω|Yi ∈ H2(Yi) is Kähler for all i ∈ I. Call the intersections of
the form Yi1 ∩ . . . ∩ Yik the strata of the divisor Y and denote Y (p) the union of strata

of Y of codimension p in X. Denote
′
H•(Y (p)) the subspace spanned by cycle classes of

strata. The dual intersection complex of Y is a CW complex whose k-cells correspond
to codimension k + 1 strata and are glued into the boundary of those k + 1 cells that
correspond to the substrata (see Section 2.1 for precise definition). I denote the dual
intersection complex of Y as ∆X , underlining the fact that I am only interested in the
situation when Y is smoothable.

I define (Section 3.1) certain sheaves of graded Q-algebras Λ• on ∆X , Λ0 = Q. There
always exists a sheaf A1 which fits into the exact sequence

0→ Λ0 → A1 → Λ1 → 0.

In general, the graded component Λ1 does not determine Λp, p > 1, even locally. When
Λp is determined by Λ1 in a neighbourhood of a face σ (Definition 3.2.1), let us say
that Λ• is regular at the face σ. If Λ• is regular at all faces σ of ∆X then higher graded
components of the sheaf A• can be defined, and they fit into an exact sequence

(1.1) 0→ Λp → Ap+1 → Λp+1 → 0.

The first main result of the paper says that under a standard requirement the coho-
mology of sheaves Λp maps to the cohomology classes of X∞ of even weight.

Theorem A. Assume that there exists a cohomologically Kähler class ω ∈ H2(Y ).
Then for every p, q there exists a morphism

Hq(∆X ,Λ
p)→ grW2q H

p+q(X∞).

Moreover, for any class v ∈ Hq(∆X ,Λ
p) the image of v in Hq+1(∆X ,Λ

p−1) under the
coboundary morphism associated to the short exact sequence (1.1) coincides with Nv.

If M is a complex Kähler manifold of dimension n, a class ω ∈ H2(M) is called a
Lefschetz class if

- the Lefschetz operator Lω(x) = x ∪ ω on the cohomology algebra induces iso-
morphisms

Ln−iω : H i(M)→ H2n−i(M)

(Lefschetz property);
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- the Hodge decomposition on Hk(M) is orthogonal with respect to the form

ψ(x, y) = ik
∫
M

x ∧ y ∧ ωn−k

and ip−q−k(−1)
(p+q)(p+q−1)

2 ψ is positive definite on KerLn−p−q+1
ω ∩Hp,q(M). (Hodge-

Riemann bilinear relations).

A classic theorem of Hodge theory states that a class ω is a Lefschetz class if it is a
Kähler class (see, for example, [Voi03, Section 6.3.2]). If f : M → N is a semi-small
map to a complex variety and ω is the first Chern class of an ample line bundle, then
any positive multiple of f ∗ω is Lefschetz [dCM02].

We call a class ω ∈ H2j(Y ) combinatorial if its restriction to any irreducible compo-
nent Yi is a linear combination of cycle classes of strata.

Theorem A’. If there exists a combinatorial Lefschetz class ω ∈ H2(Y ) then the
morphism constructed in theorem A is injective and for p > q

Np−q : Hq(∆X ,Λ
p)→ Hp(∆X ,Λ

q)

is an isomorphism. Moreover, dimHn−q(∆X ,Λ
n−p) = dimHq(∆X ,Λ

p).

For proof of Theorems A and A’ see Theorems 5.1.5 and 5.1.6.
One can observe easily that central fibres of degenerations of curves or of degener-

ations of Abelian varieties with toric reduction admit combinatorial Lefschetz classes.
In the latter case,

′
H i(Y (j)) = H i(Y (j)) for all i, j.

The theorem A’ is intended to be applied in the case of maximally unipotent de-
generations, i.e. when T has a Jordan block of size n + 1, though I expect that the
requirement on ω can be reformulated in lower unipotency rank case to still yield the
same result.

It seems plausible that the cup product on cohomology of Λp on ∆X is compatible with
the cup product on the cohomology of X∞, and in particular, the equality of dimensions
in Theorem A’ follows from a Lefschetz property for the class in H1(∆X ,Λ

1) that
corresponds to a combinatorial Lefschetz class in H2(Y ). The proof of this statement
is at present hindered by the fact that there is no known formula for the cup product
on the Steenbrink complex that computes the cohomology of the nearby fibre and that
is used crucially in the proof of Theorem A.

The superforms is a generalization of differential forms on a real vector space to the
context of affine geometry, introduced by Lagerberg [Lag11], that parallels the notion
of (p, q)-forms in complex analysis. The definition of superforms has bees extended to
the setting of tropical varieties by Chambert-Loir and Ducros, see [Gub16, CL12a]. The
tropical cohomology groups can be computed with superforms [JSS19]. The cohomology
of the sheaves Λp can be computed using superforms of Lagerberg [Lag11] using a
resolution similar to the tropical Dolbeault complex of [JSS19]. If the sheaf Λ• is
regular at every face of ∆X then furthermore the morphism N can be lifted to the level
of superforms.

Recall that a unipotent snc degeneration of K3 surfaces f : X → S is called a Kulikov
degeneration if KX = 0. In this case the components of the central fibre are rational
surfaces obtained from toric surfaces by a finite number of blow-ups (this number is
called charge), which can be interpreted as operations that introduce singularities to the
standard affine structure on the fan of the toric surface. The existence of a combinatorial
Lefschetz class on the central fibre Y = f−1(0) can be characterized in this case with
the help of positive superforms or supercurrents.
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Theorem B. Let f : X → S be a Kulikov degeneration of K3 surfaces of Type III.
Then Λ1 is the push-forward of the sheaf of parallel 1-forms from the complement of
the finite set of the singularities, with respect the affine structure defined in [GHK15],
[Eng18].

Moreover,

i) If all irreducible components of ∆X have charge 1 or 0 then

H1(∆X ,Λ
1) ↪→ grW2 H2(X∞)

is surjective, and

Hq(∆X ,Λ
p)→ grW2p H

p+q(X∞)

is an isomorphism for all other values of p, q;
ii) If ∆X admits a virtual line bundle with a convex PL metric or, equivantly, a d′′-

closed positive (1, 1)-superform or supercurrent then this morphism is injective.

The statements of Theorem B are proved as Propositions 6.1.5, 6.2.2, 6.2.4, and 6.3.1.
In the article [Sus22], I show that if the singularities of the affine structure on ∆X

have unipotent monodromy (which is the case for the affine structure on ∆X when
all components of the central fibre have charge at most 1) then there exists a positive
(1, 1)-supercurrent on ∆X . In particular, the main result of [Sus22] implies that the
map

H1(∆X ,Λ
1) ↪→ grW2 H2(X∞)

in the Theorem A is an isomorphism.

1.2. State of the art. Let us make a brief overview of known results about degener-
ations that are similar to Theorems A and A’.

If a family X∗ → S∗ of complex varieties over a punctured disc factors into an
embedding X ↪→ Pm×S∗ and the projection on S∗ then one can associate to it yet
another CW complex, its tropical limit Trop(X), see [IKMZ19, Section 3.1], [Pay08]
via logarithmic and non-archimedean tropicalization maps. Geometrically, this complex
can be interpreted as a dual intersection complex of the union of the central fibre of
the closure of X in a certain family of toric varieties over S and the toric boundary.
It is canonically embedded into a certain compactification of Rm homeomorphic to an
m-simplex.

A tropical limit is in particular a tropical variety. A homology theory for tropical
varieties is developed in [IKMZ19]. The coefficients of this theory are given by certain
cosheaves F p, which are defined in terms of the local polyhedral structure of Trop(X).
The main result of [IKMZ19] shows that under a certain combinatorial condition of
tropical smoothness, spaces Hom(Hq(Trop(X),F p) are isomorphic to grW2p H

p+q(X∞)
and X∞ has no cohomology in odd weights. In particular, the monodromy is maximally
unipotent. It is also clear from the proof of the theorem that all cohomology classes in
H•(X∞) have type (p, p), or that the limit mixed Hodge structure of X∞ is of Hodge-
Tate type. The latter property is much stronger than maximal unipotency (though,
for example, is known to coincide with it for hyperkähler manifolds, see [Sol18]), which
serves as an illustration to how restrictive the requirement of tropical smoothness is.

The tropical homology (and associated cohomology) theory enjoys many properties
that make it similar to the (co)homology of complex manifolds, for example, tropical
(co)homology groups enjoy Poincaré duality [JSS19] on tropical manifolds and satisfy
a version of Lefschetz theorem on (1, 1)-classes [JRS17]. On the other hand, there are
strange pathological phenomena already for curves: the group H1(Trop(X),F 1) can
be infinite-dimensional, see [Jel19, Section 4].
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Let us also mention the toric degenerations of Gross and Siebert which come by
definition with singular affine structure on the dual intersection complex. In this case
cohomology of the certain sheaves related to the mentioned singular affine structure
coincides with the hypercohomology of the complex of log-differential forms [GS10,
Section 3]. The relationship between these cohomology groups and the nearby fibre
cohomology have been studied in [Rud10].

The approach presented in this paper Λp can be seen as interpolating between the
tropical cohomology and the Gross-Siebert approach (see also [Yam21] for results that
bridge the two). On the one hand, one is not restricted to the degenerations that satisfy
tropical smoothness condition and the embedding of the degeneration into Pm is not
important. On the other hand, the definition of sheaves Λp works on any degeneration
with smooth total space and central fibre with snc support.

1.3. Motivation and discussion. The study of degenerations of complex varieties
has recently received much interest in connection to mirror symmetry and in particular
the non-archimedean approach to the SYZ conjecture proposed by Kontsevich and
Soibelman. The main object of study of this research program is a family of polarized
Calabi-Yau manifolds X∗ of complex dimension n fibered over a punctured disc S∗ and
having a maximally unipotent monodromy. Such a family gives rise to a projective
Calabi-Yau variety X over the field of germs of meromorphic fuctions C{{t}} and
its Berkovich analytification X an, a locally ringed topological space, whose points are
absolute values on the residue fields of scheme-theoretic points of X which restrict
to the natural non-archimedean absolute value on C{{t}}. Kontsevich and Soibelman
[KS06] defined a certain canonical subset Sk(X an) ⊂ X an and conjectured that it is
homeomorphic to a manifold of dimension n, and that X an admits a retraction onto
Sk(X an), such that the general fibre, away from a codimension 2 subset of Sk(X an) is
isomorphic to a fibration in non-archimedean tori { |x1| = . . . = |xn| = 1 } ⊂ (Gn

m)an.
This retraction can then be used to construct a mirror family X̌∗ by taking a Legendre
dual of the singular integral affine structure on Sk(X an) induced by the torus fibration,

and reconstructing the variety X̌ so that Sk(X̌
an

) = Sk(X an) and a retraction of X̌
onto Sk(X̌ ) induces the dual singular affine structure.

This singular affine structure is important in the metric version of the picture above.
Let L denote the realatively ample line bundle on X∗, then by a theorem of Yau Xt

admits a Ricci-flat Kähler metric with the fundamental form ωt ∈ c1(Lt). Kontsevich
and Soibelman conjecture that as t tends to 0,

(Xt,
ωt√

diam(Xt)
)→ B

in the sense of Gromov-Hausdorff, where B is a metric space that satisfies the following
properties:

i) B is homeomorphic to ∆X (Conjecture 3 [KS06]);
ii) there exists a dense open subset Bsm, such that B \ Bsm has Hausdorff codi-

mension at least 2, and such that Bsm is an oriented Riemannian manifold of
dimension n;

iii) Bsm has an integral affine structure;
iv) the metric g on Bsm satisfies a real Monge-Ampere equation, i.e. g is given in

some local affine coordinates x1, . . . , xn by

gij =
∂2F

∂xi∂xj
det(gij) ≡ const,
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for some smooth function F .

The space B is also conjectured to be a sphere of real dimension n if X → S is a family
of Calabi-Yau in the strict sense (i.e. H i,0(Xt) = 0, 0 < i < n), and to CPn/2 if fibres
Xt are hyper-kähler.

The set Sk(X an) is defined as the minimum locus of a certain weight function on
X an (see [MN15] for its properties), but in fact this set can be defined without reference
to non-archimedean geometry at all. Whenever X∗ admits an extension to a smooth
manifoldX over the disc S ⊃ S∗ so that the central fibre Y has a strictly normal crossing
support, there exists a canonical embedding ∆X ↪→ X an and retraction X an → ∆X

(in fact, even strong homotopy retraction) [Ber99, Thu07]. The weight function can
be defined in terms of the order of vanishing of the extension of a holomorphic volume
form on the irreducible components Y .

In fact, one can weaken the requirement on the pair (X, Y ), namely, Nicaise and Xu
have realized that if (X, Yred) is a dlt pair, X is Q-factorial and KX +Yred is semi-ample
(good minimal dlt degeneration) then Sk(X an) = ∆X [NX16] and X an has homotopy
type of ∆X , though there is no canonical retraction any more. Crepant modifications
of X preserve the homeomorphism type of ∆X but alter its subdivision into simplices.
In [NXY19] the authors show that such retraction exists in codimension 1 on ∆X for
good minimal dlt degenerations. See [KX16, KLSV18, Mau20] for further results on
dual intersection complexes of degenerations.

There has been considerable progress in proving properties (ii)− (iv) of the Gromov-
Hausdorff limit, see [Tos20] for a survey, but property (i) is only known for degenerations
of Kummer surfaces [Got22]. In the case of degenerations of hyperkähler manifolds, the
main technique, pioneered by Gross and Wilson is to start with a fibration of a fixed
hyperkähler manifold into Abelian varieties, then obtain the degeneration X → S via
hyperkähler rotation of the complex structure. In [OO18] the authors manage to extend
this technique to any degeneration of K3 surfaces using approximation and careful study
of the moduli space. See also [Sus18] for a description of Gromov-Hausdorff limits of
curves with abelian differentials in terms of the minimum loci of the weight function.

If we assume the property (i) above, the conjectures (ii) − (iv) imply that for each
choice of polarisation there exists a set of affine structures on ∆X with respect to which
the limit metric satisfies the real Monge-Ampere equation. One can ask the following
question:
Question A: can these structures be described algebraically, purely in terms of the
polarisation L ?

The definitions and results presented in this paper are intended as a first step in the
study of this question.

The cohomology of Λp⊗R can be computed using the sheaves of superforms defined
by Lagerberg [Lag12a], see [JSS19, CL12b, Gub16] for the construction in the tropical
geometry. A Lagerberg superform on a real vector space V is a real form on V ⊕ V
which is invariant under translations along the second summand. In particular, a (p, q)-
Lagerberg form on a base of a torus fibration can be lifted to a (p+q)-form on the total
space of the fibration. In [BJ17] Boucksom and Jonsson consider [BJ17, Section 2] for
any snc degeneration X → S a map LogX to ∆X , defined on a neighbourhood of the
special fibre. If X is maximally unipotent, the generic fibre of this map is a complex
torus of the same dimension as the skeleton. In fact, this map is not canonical and
depends on choices of coordinates near the strata of the central fibre, but the error
resulting from different choices is O(1/ log |t|). Similarly, the choice of local coordinates
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on ∆X , i.e. sections of Λ1, provides a choice of a trivialization of the torus fibration
(also up to a bounded error), so Lagerberg forms can be locally lifted to forms on nearby
fibres Xt, gluing using a partition of unity should allow to lift the forms globally, again,
up to a controlled error.

I expect this lifting to be compatible with the morphism constructed in Theorem A in
the limit as t→ 0. The data of a metric g from the statement of conjectures (ii)− (iv)
is equivalent to a (1, 1)-superform ω on ∆X such that ωn = µ, where µ is the Euclidean
measure on ∆X . It is natural to expect that the lifting of ω should approach the Ricci-
flat Kähler metrics in the cohomology class c1(Lt) as t → 0, and so the cohomology
class of ω should map under the morphism from Theorem A to the class of c1(L) in
grW2 H2(X∞).

I suggest therefore that tackling the following question might be useful in answering
the Question A:

Question B: for a given maximally unipotent family of polarizedCalabi-Yau manifolds
over a punctured disc what is the set of extensions X → S such that the first Chern
class of the polarisation lies in the image of the morphism constructed in Theorem A?

1.4. Structure of the paper. The background information on dual intersection com-
plexes, Steenbrink complex and Hodge-Lefschetz modules is recalled in Section 2. Sec-
tion 3 introduces the sheaves Λ• and proves that their definion is independent of the
subdivision of ∆X induced by the blow-ups of the strata. Certain complexes quasi-
isomorphic to the even rows of the monodromy weight spectral sequence associated to
Steenbrink complex are constructed in Section 4. They are then used to prove Theo-
rems A and A’ in Section 5. The singular affine structure on ∆X for Type III Kulikov
degenerations defined in [GHK15, Eng18] is related to A1 in Section 6, where Theorem B
is also proved.

Acknowledgements. I would like to thank Edouard Balzin, Nero Budur, Julien Gri-
vaux, Grisha Papayanov, and Robin van der Veer for useful discussions.

2. Background

Let f : X → S be a proper morphism from a complex manifold X to a disc S ⊂ C.

Let S∗ be the punctured disc and let S̃
exp−−→ S∗ be its universal cover. The restriction

of f to f−1(S∗) is a locally trivial fibration by Ehresmann’s theorem and therefore the
space X∞ = X ×S S̃, the canonical nearby fibre, is homotopy equivalent to Xt for any
t 6= 0. The fundamental group π1(S∗) ∼= Z acts on X∞ by deck transformations, and we
denote the action of the generator represented by a counter-clockwise loop H•(X∞,Q)
as T . The operator T is quasi-unipotent by a theorem of Borel [Sch73, Lemma 4.5,
Theorem 6.1].

Assume that f is a smooth morphism away from Y = f−1(0). Let k be the projection
X∞ → X and let i : Y → X be the embedding of the central fibre. Given a ring R the
nearby cycles complex ψR := i∗Rk∗R has the property

H•(ψR)x ∼= lim←−
ε→0

H•(Fx,ε, R)

where Fx,ε = Bx,ε ∩ f−1(0) and Bx,ε is an ε-ball centered at x ∈ Y for a sufficiently
small ε (Fx,ε is called the Milnor fibre of f at x). Moreover,

H•(Y, ψR) ∼= H•(X∞, R)
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If f is smooth away from the central fibre Y =
∑

i∈I YiEi and the latter is a divisor
with simple normal crossings support then we will call such morphism an snc degener-
ation. If additionally the monodromy operator T is unipotent, we call it a unipotent
snc degeneration.

2.1. Dual intersection complexes. Denote σ the set of vertices of a simplex σ. Given
a face σ and a vertex i ∈ σ there exists a unique face, which we will denote ∂iσ, such
that ∂iσ ⊂ σ, ∂iσ ∪ {i} = σ.

If σ is a face of a simplicial complex, we will denote St(σ) the open star of σ: the
union of interiors of all simplices that contain it, or just σ if σ is a vertex. Clearly,
St(σ) = ∩i∈σ St(i). We will denote as St(σ) the closed star of a simplex σ, that is, the
union of simpleces that contain σ. This set has the natural structure of a simplical

complex, and we will denote St
0
(σ) its set of vertices. The dual intersection complex of

an snc divisor generally has a structure of a ∆-complex, see [Hat02, Ch. 0] for definition.
Let X be a smooth variety and let D =

∑m
i=1NiDi be a divisor in X with snc support;

the connected components of finite intersections Di1 ∩ . . .∩Dik are called the strata of
D. Let the set of k-dimensional cells of ∆(D) be in bijective correspondence with the
set of the strata of D of codimension k+1 in X. Suppose that the k-skeleton of ∆(D) is
already defined. Since the divisor D has snc support for any stratum Z ⊂ Di1∩ . . .∩Dik

and any l, 1 ≤ l ≤ k there exists a unique stratum

Zl ⊂
⋂
j 6=l

Dij

that contains Z. The k + 1-cell corresponding to Z is glued to the k-skeleton is such a
way that the cells corresponding to Zl are in its boundary. Thus in a dual intersection
complex ∆X the faces τ ∈ St(σ) correspond to the strata Yτ that contain Yσ and the
faces τ ∈ St(σ) correspond to the strata Yτ that intersect non-trivially with Yσ. It is
noticed in [dFKX17, Definition 8] that if (X, Y ) is a dlt pair, then the above procedure
is well defined for the union Y =1 of the irruducible components of Y with multiplicity
1.

We identify a cell σ with the simplex

{(xi)i∈σ ∈ Rσ |
∑
i∈σ

Nixi = 1}

We denote the affine space spanned by σ as 〈σ〉 and its tangent space as T 〈σ〉. In
particular, each cell has an integral affine structure associated to it, but even if ∆X is
a manifold, it is not always possible to glue these affine structures to obtain an affine
structure on ∆X .

Let f : X → S be an snc degeneration with the central fibre Y , let Z ⊂ Y be a
closed connected submanifold. Let π : X ′ → X be the the blow-up of X in Z, let
Y ′ = (f ◦ π)−1(0) = Y ′6=0 ∪ Y0 where Y ′0 is the exceptional divisor and Y ′6=0 = π−1

∗ (Y ) is
the strict transform of Y . The dual intersection complex ∆(Y ′) then admits a natural
PL morphism to ∆X and can be described as follows.

If Z is a stratum of Y then the dual intersection complex of ∆(Y ′) is obtained from
∆X by the subdivision of the face corresponding to Z and the morphism ∆(Y ′)→ ∆X

is a homeomorphism. In particular, after blowing sufficiently many strata of Y one
obtains the dual intersection complex ∆(Y ′) of the special fibre Y ′ of the blow-up can
be ensured to be a simplicial complex homeomorphic to ∆X .

If Z is contained in a smallest stratum Yσ then ∆(Y ′) can be described as follows
[dFKX17, Paragraph 9]. The dual intersection complex ∆(Y ′0 ∩ Y ′6=0) is the join σ ∗
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∆(Z ∩ (∪i/∈σY ′i )). Since each stratum of ∆(Y ′0 ∩ Y ′6=0) is sent by π to a stratum that
intersects Z non-trivially we have a map of ∆ complexes

∆(Y ′0 ∩ Y ′6=0)→ St(σ)

The dual intersection complex ∆(Y ′) is obtained by glueing the cone over ∆(Y ′0 ∩ Y ′6=0)

with St(σ) via this map. The map ∆(Y ′)→ ∆X is the map above on ∆(Y ′0 ∩ Y ′6=0) and
identity otherwise.

Following [Kas84, Sect. 1], we call the sheaves on a ∆-complex Σ such that their
restrictions to the interiors of the faces of Σ are constant sheaves Σ-constant sheaves.
They admit the following combinatorial description (p. 327 of [Kas84]):

Lemma 2.1.1. The category of Σ-constant sheaves with values in an Abelian category
A is equivalent to the category of functors from the poset of the cells ordered by inclusion
Cells(Σ) to A .

Proof. Let F be a ∆-constant sheaf. Consider the correspondence σ 7→ H0(St(σ),F ),
together the restriction morphisms H0(St(σ),F )→ H0(St(τ),F ) for all pairs of faces
σ ⊂ τ it defines a functor Cells→ A .

Conversely, if F : Cells(Σ) → A is a functor, define the presheaf PF by putting
limDU F into correspondence to an open U , where DU is the diagram of cells and
inclusions that intersect U non-trivially. The sheafification of PF (U) is a ∆-constant
sheaf. �

We further consider simplicial complexes with orientation induced by an order on the
verctices.

For any ordered set I = { i1, . . . , ik }, i1 < . . . < ik and any i = il ∈ I we will denote

sgn(i, I) =
i1 ∧ . . . ∧ ik

il ∧ i1 ∧ . . . ∧ îl ∧ . . . ik
= (−1)l−1.

The open stars St(i) of vertices are contractible and cover ∆X , so given a functor
F : Cells(Σ)→ A , the Cech complex with respecto to the cover { St(i) }i∈∆0

X
computes

the cohomology of F :

Ck(Σ, F ) =
⊕
|σ|=k+1

F (σ), d((aσ)) =
∑
σ

∑
σ=∂iτ

sgn(i, τ)F (σ ⊂ τ)(aσ),

since
F (σ) = H0(St(σ), F ).

2.2. Gysin and residue morphisms. For any pair of faces σ ⊃ τ denote ιστ the
embeddings Yσ → Yτ .

We will use signed and unsigned Gysin and restriction maps which we denote as
follows

resστ = (ιτσ)∗ : H•(Yσ)→ H•(Yτ )
Gysστ = (ιστ )! : H•(Yσ)→ H•+2m(Yτ ),m = dimσ − dim τ
γσi = sgn(i, σ) Gysσδiσ : H•(Yσ)→ H•+2(Y∂ilσ)

γ(k) =
∑
|σ|=k

∑
i∈σ

γσi : H•(Y (k))→ H•+2(Y (k−1))

ρ(k) =
∑
|σ|=k

∑
τ :∂iτ=σ

sgn(i, τ) resστ : H•(Y (k))→ H•(Y (k+1))

One checks that
γ(k−1) ◦ γ(k) = 0, ρ(k+1) ◦ ρ(k) = 0.

We will drop the superscript in resστ when it is clear from context.
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Lemma 2.2.1. Consider a commutative diagram of manifolds

Y
f // X

W
F //

G

OO

Z

g

OO

where all morphisms are embdennings and Y and Z meet transversely. Then

g∗f!α = F!G
∗α

for any α ∈ H∗(Y ).

Though this statement is folklore and well-known, we sketch a proof for the benefit
of the reader.

Proof. Interpreting Gysin maps as compositions of Thom isomorphisms and restriction
maps of local cohomology (see, e.g. [Ive86, VIII.2.4]) we get the diagram

H•(Y ) ∼
∪τY //

G∗

��

H•+lY (X)
rX //

g∗

��

H•+l(X)

g∗

��
H•(W ) ∼

∪τW // H•+lW (Z)
rZ // H•+l(Z)

where τY , τW are Thom classes of normal bundles of Y in X and W in Z, respectively,
and the left square commutes by the naturality of Thom isomorphism. By interpreting
local cohomology as the cohomology of the Thom space of the normal bundle and maps
rX and rZ as Pontryagin-Thom collapse, and using the fact that the square in the
statement of the theorem is Cartesian, we observe that the right square in the diagram
above commutes too. �

Corollary 2.2.2. Let f : X → S be an snc degeneration, then for any stratum Yσ, any
i, j ∈ σ, i 6= j and any class a ∈ Hr(Y∂iσ),

res∂jσ Gys∂iσj a = Gys
∂j∂iσ
i res∂j∂iσ a.

Lemma 2.2.3. Let f : X → S be an snc degeneration, Y =
∑

i∈I NiYi be the central
fibre and assume that ∆X is a simplicial comlpex. Let σ ∈ ∆X , then for any a ∈ Hr(Yσ)∑

i∈σ

Ni resσ Gysσ∂iσ a+
∑

τ :∂jτ=σ

Nj Gysτσ resτ a = 0

Proof. By Lemma 2.2.1, Projection Formula [Ive86, 7.3] and [Ive86, 7.5] we have

0 = a ∪
∑
j∈I

Nj(ι
j)∗(ιj)!1Yj =

∑
j∈σ

Nja ∪ (ισ)∗(ιj)!1Yσ +
∑

τ :∂jτ=σ

Nja ∪ (ιτσ)!1Yτ =

=
∑
i∈σ

Nj resσ Gysσ∂iσ a+
∑

τ :∂jτ=σ

Nj Gysτσ resYτ a,

(the first expression vanishes since the divisor Y =
∑

j∈I NjYj is principal) and therefore∑
j∈I

Nj(ι
j)∗(ιj)!1Yj = 0.

�
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2.3. Weight spectral sequence of Steenbrink. Let f : X → S be a unipotent snc
degeneration. We will recall below the definition of the limit mixed Hodge structure
on the cohomology of X∞ and a spectral sequence due to Steenbrink that computes its
weight filtration.

Let V be a vector space and N be a nilpotent operator on V , Nm+1 = 0, Nm 6= 0. De-
fine inductively the following 2m-step filtration on V . First putW0 := ImNm,W2m−1 :=
KerNm,W2m = V . Supposing that W0, . . . ,Wl and W2m−l−1, . . . ,W2m are defined and
m > l + 1, put

Wl+1 := ImNm−l−1 ∩W2m−l−1,
W2m−l−2 := Ker(Nm−l−1 : W2m−l−1/Wl → W2m−l−1/Wl).

Definition 2.3.1 (Weight monodromy filtration). The filtration W (M)• associated to
the nilpotent operator N = log T : H•(X∞) → H•(X∞) in the way described above is
called the weight monodromy filtration.

Steenbrink [Ste76, Ste95] has defined certain complexes A•C, A
•
Q quasi-isomorphic to

ψC, ψQ, respectively, endowed with an increasing filtration W• such that A•Q is filtered
quasi-isomorphic to A•C, and such that

W (M)mH
•(X∞) = Im(H•(Y,WmA

•
Q)→ H•(Y,A•Q))

under assumption that Y is “cohomologically Kähler”, i.e. that there exists a class
ω ∈ H2(Y ) that restricts to a Kähler class on every irreducible component of Y .

Given a double complex (C•,•, d′, d′′), we will denote (sC•, d) the total complex:

sKr =
⊕
p+q=r

Cp,q, d = d′ + d′′.

The spectral sequence associated to the filtration W on A•Q degenerates on E2. Fol-

lowing [GA90, Section 2] we describe its first sheet WE
•,•
1 . For any k ≥ 1 denote Y (k)

the disjoint union of k-fold intersections of the irreducible components Yi and denote

Ki,j,k(Y ) =

{
H i+j−2k+n(Y (2k−i+1),Q), if k ≥ max{0, i},
0 else,

Ki,j(Y ) =
⊕

kK
i,j,k.

Now denote

d′ : Ki,j,k → Ki+1,j+1,k+1, d′ = ρ(2k−i+1),
d′′ : Ki,j,k → Ki+1,j+1,k, d′′ = −γ(2k−i+1),
N : Ki,j,k → Ki+2,j,k, N = id .

Then

WE
−r,q+r
1 = Hq(X∞, grWq+r A

•
Q) =⇒ Hq(X∞,Q)

WE
−r,q+r
1 = K−r,q−n(Y )

and d1 = d′ + d′′. Since the terms Ki,j,k only depend on the the special fibre, we will
further refer to them as Ki,j,k(Y ) and to the terms of the first page of the spectral
sequence as WE

i,j
1 (Y ). Note that KerN is a sub-spectral sequence of WE

•,•
1 (Y ) that

computes (the associated graded of) the cohomology of Y .
Let Y =

∑m
i=1 Yi be an snc divisor in a proper complex manifold X. Recall that the

weight spectral sequence of Deligne [Del71, 3.2.4.1], [PS08, 4.7]

Ei,j
1 = H2i+j(Y (−i)) =⇒ H i+j(X \ Y ),
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where Y (0) = X and the differential di,j1 : H2i+j(Y (−i)) → H2i+j+2(Y (−i−1)) is −γ(−i),
degenerates on the first page. We will denote M•

p (X, Y ) the complexes standing in the
rows of the first page of this spectral sequence after reindexing:

M q
p (X, Y ) = Eq−p,2p

1 = H2q(Y (p−q)).

If Y is the central fibre of an snc degeneration f : X → S, then for any p denote
D•,•p (Y ) the double subcomplex of K•,•,•(Y ) with the terms

Dq,r
p (Y ) = K−p+q+r,p+q+r−n,q(Y ) = H2r(Y (p+q−r+1)).

In particular,

sDq
p = K−p+q,p+q−n = WE

−p+q,2p
1 (Y ) =

min{p,q}⊕
r=0

H2r(Y (p+q−2r+1)).

The differentials d′, d′′ on D•,•p have degrees (1, 0), (0, 1), respectively. Denoting the
stupid filtration on M as σ≤m,

σ≤mM
q
p (X, Y ) =

{
M q

p (X, Y ), if i ≤ m,
0, otherwise,

one can think about the double complex D•,•p as the complex

0→ σ≤pM
•
p (X, Y )

ρ(p)−−→ σ≤pM
•
p+1(X, Y )

ρ(p+1)

−−−→ σ≤pM
•
p+2(X, Y )→ . . .

in the category of complexes.

2.4. Hodge-Lefschetz modules. Recall that a rational Hodge structure of weight
n is a rational vector space V together with a decomposition V ⊗ C ∼=

⊕
p+q=n V

p,q

such that dimV p,q = dimV q,p for all p, q. A polarization on V is a symmetric form
ψ : V ⊗ V → Q such that for its linear continuation to V ⊗ C the following holds:

i) ψ(V p,q, V p′,q′) = 0 for p 6= p′, q 6= q′;
ii) ip−qψ(x, x̄) > 0 for all x ∈ V p,q.

Let L =
⊕

i,j∈Z L
i,j be a bigraded vector space such that Li,j are endowed with real

Hodge structures of weight p+ i+ j and let l1 : Li,j → Li+2,j(1), l2 : Li,j → Li,j+2(1) be
morphisms of Hodge structures such that

li1 : L−i,j
∼−→ Li,j lj1 : Li,−j

∼−→ Li,j

are isomorphisms. The tuple (V, l1, l2) is called a bigraded Hodge-Lefschetz module of
weight p. A form ψ : L⊗ L→ Q(−p) is called polarization of V if

i) ψ restricts to morphisms of Hodge structures on L−i,−j ⊗ Li,j;
ii) ψ(l1x, y) + ψ(x, l1y) = ψ(l2x, y) + ψ(x, l2y) = 0,

iii) the restriction of ψ(−, li1l
j
2−) to L−i,−j ∩ Ker l1 ∩ Kerl2 is a polarization of a

Hodge structure.

Remark 2.4.1. We define Hodge-Lefschetz modules over reals following the convention
of [GA90], though we will only apply the results of [GA90] to rational modules (tensoring
with R).

Fact 2.4.2 (Proposition 3.6, [GA90]). If ω ∈ H2(Y ) restricts to a Lefschetz class on
all strata Yσ then (K•,• ⊗ R, N, Lω) is a bigraded Hodge-Lefschetz module.

A map d : V •,• → V •+1,•+1 is a called differential on a polarized Hodge-Lefschetz
module if

i) d ◦ d = 0;
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ii) [d, l1] = [d, l2] = 0;
iii) ψ(dx, y) = ψ(x, dy).

Fact 2.4.3 (Proposition 3.5, [GA90]). If ω restricts to Lefschetz classes on all strata Yσ
then d = d′ + d′′ is a differential on the Hodge-Lefschetz module (

′
K•,•(Y )⊗R, N, Lω).

A real Hodge-lefschetz module L is naturally endowed with an action of a Lie group

σ : SL(2, R)×SL(2, R)→ GL(L) dσ

((
0 1
0 0

)
, 0

)
= l1 and dσ

(
0,

(
0 1
0 0

))
= l2

Let

w =

(
0 1
−1 0

)
, w2 = (w,w) ∈ SL(2,R)× SL(2,R)

and define operators

dt = w−1
2 dw2 � = ddt + dtd

Fact 2.4.4 (Theorème 4.5, [GA90]). Ker� is naturally isomorphic to H•(V, d).

Facts 2.4.3 and 2.4.4 together imply that every cohomology class of sD•(Y ) contains
a unique representative that belongs to Ker�.

2.5. Superforms. We recall here the definitions of the superforms on a real vector
space introduced by Lagerberg following the ideas of Berndtsson. We refer to the
articles [Lag11, Lag12b] for the basic facts about superforms and their integrals. See
also [Gub16, CL12a] for the adaptation of the theory of superforms to the setting of
tropical and non-archimedean geometry.

Let V be a real vector space. Consider the direct sum of two copies of V , which we
will denote V̄ = V 0 ⊕ V 1 and define differential superforms on V to be the space of
differential forms on V̄ which are invariant under translations along vectors from V 1.
Denote the sheaf of n-superforms on V as A n.

The direct sum decompositionof V̄ lifts to the tangent space, denote

J : TV 0 ⊕ TV 1 → TV 1 ⊕ TV 0

the morphism that permutes the direct summands. The morphism J then also acts on
the superforms. Denote the subsheaf of the superforms on V that are pull-backs of the
real forms on V 0 as A 1,0 and define sheaves A 0,1 and A p,q as follows: for every open
U ⊂ V set

A 0,1(U) = J A 1,0(U) A p,q(U) =

p∧
A 1,0(U)⊗C∞(U)

q∧
A 0,1(U) ⊂ A p+q(U).

The sections of A p,q are called (p, q)-superforms. We have

A p,q(U) ∼= C∞(U)⊗R

p∧
T ∗V 0 ⊗R

q∧
T ∗V 1,

where the isomorphism is defined as follows. Let x1, . . . , xn be a set of affine functions
on U such that d′x1, . . . , d

′xn define a basis of T ∗xV
∼= T ∗V for any x ∈ U . Then any

(p, q)-superform α on U is given by an expression

α =
∑

|I|=p,|J |=q

fIJ(x1, . . . , xn)d′xI ∧ d′′xJ

where d′xI = d′xi1 ∧ . . . ∧ d′xik for any index set I = { i1, . . . , ik }, i1 < . . . < ik, and
similarly for d′′xJ . Here, fIJ ∈ C∞(U), d′xI ∈ T ∗V, d′′xJ ∈ T ∗V .
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By definition, J is an isomorphism of sheaves between A p,q and A q,p. Denote the
map of sheaves induced by the de Rham differential as

d′ : A p,q → A p+1,q

and define d′′ = J ◦d′◦J . Then d′′ maps A p,q to A p,q+1. One easily checks that d′, d′′, J
are given by the following formulas

d′α =
∑

|I|=p,|J |=q

∂fIJ
∂xi

d′xii ∧ d′xI ∧ d′′xJ

d′′α = (−1)p
∑

|I|=p,|J |=q

∂fIJ
∂xi

d′xii ∧ d′xI ∧ d′′xj ∧ d′′xJ

Jα = (−1)pq
∑

|I|=p,|J |=q

fIJd
′xJ ∧ d′′xI

Denote ev : TV ⊗ T ∗V → R the natural pairing between tangent vectors and covec-
tors. The coevaluation morphism coev : R→ TV ⊗ T ∗V is the unique morphism that
makes the compositions of the following maps

T ∗V
id⊗ coev−−−−−→ T ∗V ⊗ (TV ⊗ T ∗V ) ∼= (T ∗V ⊗ TV )⊗ T ∗V ev⊗ id−−−→ T ∗V

TV
coev⊗ id−−−−−→ (TV ⊗ T ∗V )⊗ TV ∼= TV ⊗ (T ∗V ⊗ TV )

id⊗ ev−−−→ TV

identities.

Definition 2.5.1 (Monodromy morphism). Let V be a real vector space. For any open
set U ⊂ V define the morphism N : A p,q(U) → A p−1,q+1(U) to be the composition of
the morphisms

C∞(U)⊗ ∧pT ∗V ⊗ ∧qT ∗V → C∞(U)⊗ ∧pT ∗V ⊗ (TV ⊗ T ∗V )⊗ ∧qT ∗V
→ C∞(U)⊗ (∧pT ∗V ⊗ TV )⊗ (T ∗V ⊗ ∧qT ∗V )
→ C∞(U)⊗ ∧p−1T ∗V ⊗ ∧q+1T ∗V

where the first map is given by the coevaluation map.

The definition of the morphism N is due to Yifeng Liu [Liu17]).
The explicit formula for the morphism N is the following:

N(
∑

|I|=p,|J |=q

fIJd
′xI ∧ d′′xJ) =

∑
|I|=p,|J |=q

∑
i∈I

(−1)p−1 sgn(i, I)d′xI\{i} ∧ d′′xi ∧ d′′xJ .

3. Sheaves Λp

In this section we fix a unipotent snc degeneration f : X → S with the central fibre
Y =

∑
i∈I
NiYi, where I is a finite ordered set. For any face τ of the dual intersection

complex of Y we will denote Nτ =
∏

i∈τ Ni.
To simplify the exposition, we will assume that all intersections Yi1 ∩ . . . ∩ Yik are

connected and smooth, and so ∆X is a simplicial complex. With a little bit of effort the
definitions in this section can be generalized to ∆-complexes. We justify this choice by
the fact that any ∆-complex can be turned into a simplical complex after a subdivision
corresponding to some blow-ups of the strata of Y , and the the definition of the sheaves
Λ• is invariant under subdivisions by Proposition 3.3.2.
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3.1. Definition of Λp. For any face σ denote λ•(σ) =
∧•Qσ/J •(σ), where J •(σ)

is the homogeneous ideal generated by
∑

i∈σ i. For each p the vector space λp(σ) is
naturally isomorphic to the vector space of translation invariant differential p-forms with
rational coefficients on the affine space 〈σ〉, and the space of derivations of

∧•Qσ that
preserves J •(σ) is identified with the tangent space T 〈σ〉. Under this interpretation,
for any pair of faces σ ⊂ τ there exists a natural restriction of differential forms map
a ∈ λ•(τ) 7→ a|σ ∈ λ•(σ). In concrete terms, it can be defined on the primitive tensors
as follows:

(i1 ∧ . . . ∧ il)|σ =

{
i1 ∧ . . . ∧ il , if ∀l il ∈ σ
0 otherwise.

Now for any face σ define

Λ̄•(σ) = { (fτ ) ∈
⊕
τ⊃σ

λ•(τ) | ∀τ ⊃ α ⊃ σ, fτ |α = fα }

This defines a functor: the morphism associated to an inclusion σ ⊃ τ is the natural
projection Λ̄•(σ) ↪→ Λ̄•(τ) coming from the inclusion St(τ) ⊂ St(σ). We will denote it
a 7→ a|St(τ).

The space Λp(σ) is spanned by primitive tensors of the form i1 ∧ . . . ∧ ip
For any face σ, |σ| ≥ p define the map cpσ : Λ̄p(σ)→ H2(Yσ)⊗λp−1(σ) on the primitive

tensors by the formula

cpσ(i1 ∧ . . . ∧ ip) =

p∑
l=1

(−1)l−1c1(O(Yil))|Yσ ⊗ (i1 ∧ . . . ∧ îl ∧ . . . ∧ ip)|σ.

The maps cpσ are coordinate components of the differential of the complex K0(σ,Λp)
that will be introduced in Section 4.2. They are well-defined by Lemma 4.2.3.

Lemma 3.1.1. For any face σ the map c•σ is a derivation, that is, for any a ∈ Λ̄p, b ∈ Λ̄q

cp+qσ (a ∧ b) = cpσ(a) ∧ b+ (−1)pa ∧ cqσ(b).

Proof. Immediate from the definition. �

Definition 3.1.2. For any p ≥ 1 define functors Λp as follows. For all faces σ, |σ| ≥ k
let

Λp(σ) = { α ∈ Λ̄p | ∀τ ⊃ σ, α|τ ∈ Ker cpτ },
and denote the sheaves on ∆ corresponding to these functors by Lemma 2.1.1 as Λp.
We also agree to denote the constant sheaf Q as Λ0.

Lemma 3.1.3. For any p > 1 let

Up =
⋃
|τ |≥p

St(τ).

and j : Up ↪→ ∆ be the open embeddings. Then

Λp = j∗j
∗Λk.

Proof. Follows immediately from Definition 3.1.2, as

Ker cpσ = Λ̄p(σ)

for all σ such that |σ| < p, since λp−1(σ) = 0 for such faces σ. �

Lemma 3.1.4. For all p, q for which the corresponding sheaves are defined

Λp ∧ Λq ⊂ Λp+q.
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Proof. This amounts to showing that for any face α and any faces σ, τ ⊂ α,

a ∈ Λp(σ), b ∈ Λq(τ)⇒ a|St(α) ∧ b|St(α) ∈ Λp+q(α),

which follows immediately from Lemma 3.1.1. �

3.2. Regularity and sheaves Ap. Consider the sheaf of piece-wise affine functions on
∆X that restrict to affine functions on the faces τ ⊃ σ — such functions are determined
by their values at the vertices:

Ā1(σ) = { f : St
0
(σ)→ Q }

Consider further a subsheaf of Ā1 that corresponds to the functor

A1(σ) = { f ∈ Ā1(σ) |
∑

i∈St
0
(σ)

Nif(i) · c1(O(Yi))|Yσ = 0 }

This sheaf have been defined in an unpublished note [KT02a] of Konstevich and Tschinkel
(where it is called the sheaf of “linear functions”, Sect. 6.2), see also [Yu15, SRJ18].
One can observe easily that for any face σ we have a functorial exact sequence

0→ Λ0(σ)→ A1(σ)→ Λ1(σ)→ 0.

that gives rise to the exact sequence of sheaves

0→ Λ0 → A1 → Λ1 → 0.

One can wonder under which circumstances an analogous sequence exists in higher
degrees.

Take a face σ ⊂ ∆X . There exists a natural map given by the evaluation function

eσ : St(σ)→ H0(St(σ), A1)∗ x 7→ [f 7→ f(x)]

which factors through the subspace

T (σ) := { F ∈ H0(St(σ), A1)∗ | ∀c ∈ RF (c) = c }.
The latter is clearly a torsor under the vector subspace

H0(St(σ),Λ1)∗ ∼= { F ∈ H0(St(σ), A1)∗ | F (c) = 0 } ⊂ H0(St(σ), A1)∗.

The elements of A1(σ) are tautologically functions on T (σ). The function eσ is affine on
the simplices of St(σ), therefore eσ(St(σ)) is a simplicial complex in T (σ) and eσ(St(σ))
is the star of the simplex eσ(σ).

Definition 3.2.1 (Regularity). Let ∆ be a simplicial complex endowed with a con-
structible sheaf Λ• of graded algebras and a subsheaf A1 of the sheaf of piece-wise affine
functions on ∆ such that A1/ const = Λ1. We say that Λ• is regular at a face σ if

Λp(σ) = e∗σ

p∧
Λ1
T (σ).

If Λ• is regular at a face σ we can define

Ap(σ) = e∗σ

p∧
A1(σ)

for any p ≥ 0, and the sequence

0→ Λp(σ)→ Ap+1(σ)→ Λp+1(σ)→ 0

is exact. If Λ• is regular at every face σ ⊂ ∆X then Ap defines a functor and a sheaf
on ∆X , and we have an exact sequence of sheaves

(3.1) 0→ Λp → Ap+1 → Λp → 0.
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3.3. Invariance under subdivision. Let f : X ′ → X be a blow-up of a stratum
Yσ. The dual intersection complex ∆X is naturally homeomorphic to ∆(Y ′) and we
will identify the underlying topological spaces from now on; let ξ denote the homeo-
morphism. The simplicial complex ∆(Y ′) is obtained from ∆X by adding the vertex e
corresponding to the exceptional divisor to σ and subdividing all faces that contain σ.
For every face τ 6⊃ σ we denote the corresponding face of ∆(Y ′) as τ too. If τ is a face
of St(σ) that does not contain σ then there exists a unique face of ∆(Y ′), that we will
denote τ ′, that contains τ and the vertex e. We will allow τ to be empty for uniformity,
in which case we agree that τ ′ = e.

The face σ is identified with the intersection of the positive octant in the vector space
Rm, m = |σ|, σ = { i1, . . . , im }, with the affine subspace cut out by the equation

∞∑
k=1

Nikxk = 1

and the vertex e with the point

(
1

Nσ

, . . . ,
1

Nσ

)
.

Let β be a face in St(σ) and let η ⊆ β be a face of ∆(Y ′) such that f(Yη) = Yβ.
In particular, St(η) ⊂ St(β); denote this open embedding ξβ,η. There are two options:
either β 6⊃ σ and η = β, or β ⊃ σ and η = α′ for some α ⊂ β. In both cases
ξ∗β,η : Ā1

X(β) = H0(St(β), Ā•X) ↪→ Ā1
X′(η) = H0(Uη, Ā

•
X′) is injective. Indeed, if an

element of Ā1
X(β) is represented by a piece-wise affine function f : St

0
(β)→ R, then to

describe its restriction to St
0

X′(η) it suffices to calculate the value of f in e, which is

f(e) =
1∑
i∈σNi

∑
i∈σ

f(i) =
1

Ne

∑
i∈σ

f(i)

Lemma 3.3.1. For any stratum Y ′η ⊂ Y ′e ,

H2(Y ′η)
∼= H2(Yσ)⊕Qc1(O(Y ′e ))|Y ′η

Proof. The exceptional divisor Y ′e is a projective bundle over the stratum Yσ. Since Y
is an snc divisor, the stratum Y ′τ is a projective subbundle of Y ′e . The statement of the
Lemma then follows from [Voi03, Lemma 7.32]. �

Proposition 3.3.2. Let β beta a face in St(σ) and let η ⊆ β be a face of ∆(Y ′) such
that St(η) ⊂ St(β). Denote rβ,η : λ•(β)→ λ•(η). Then the diagram

Λ̄p
X(β)

ξ∗β,η
��

cpβ // H2(Yβ)⊗ λp−1(β)

f∗⊗rβ,η
��

Λ̄p
X′(η)

cpη // H2(Yη)⊗ λp−1(η)

is commutative, and Ker cpη = ξ∗β,η Ker cpβ. In particular, the definition of sheaves Ap

and Λp is invariant under the subdivisions induced by blow-ups of the strata of Y .

Proof. Take a basis element i ∈ Λ̄1(β), then

ξ∗β,η(i) = i+
Ni

Ne

.

The diagram is commutative for p = 1 since

c1
β(ξ∗β,η(i)) = c1(i+

Ni

Ne

e) = Ni(c1(OX′(Y ′i ))+c1(OX′(Y ′e ))) = f ∗Nic1(OX(Yi)) = f ∗c1
η(i).
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The commutativity of the diagram for p > 1 follows by induction from Lemma 3.1.1
and commutativity of the diagram

Λ̄p(β) //

ξ∗β,η
��

λp(β)

rβ,η

��
Λ̄p(η) // λp(β)

where the horizontal morphisms are restriction maps, for all p ≥ 1.
The second statement follows from the fact that Λ̄1(η) = ξ∗β,ηΛ̄

1(β) ⊕ Qe, from
Lemma 3.3.1 and from the inclusion

c1
β(ξ∗β,ηΛ̄

1(β)) ⊂ f ∗H2(Yβ) ⊂ H2(Yη),

that has just been established. �

In view of Proposition 3.3.2 the following definition is consistent.

Definition 3.3.3 (Sheaves Λ• in the normal crossings case). For any degeneration
f : X → S such that reduction of its central fibre is normal crossings but not necessarily
simple normal crossings, define the sheaves Λ• on ∆X to be those of a modification X ′

of X obtained by a sequence of blow-ups of the strata, and such that the central fibre
is strictly normal crossings and ∆X′ is a simplicial complex.

3.4. Toric strata. Let X be a toric variety acted upon by a torus T = C[M ],M ∼= Zn,
let N = Hom(M,Z) and let Σ ⊂ N ⊗ R be the toric fan of X. Let t : X → A1 be
an equivariant morphism, assume that Y = t−1(0) is an snc divisor and denote the
corresponding linear function on N as t̃. The dual intersection complex of t−1(0) can
be identified with the polyhedral complex t̃−1(1). We will denote the intersections of
cones σ with t̃−1(1) as σ too.

Proposition 3.4.1. For any toric stratum Xσ ⊂ Y , Λ•(σ) is the algebra of translation-
invariant differential forms on St(σ) ⊂ t̃−1(1) with rational coefficients.

Proof. The group of Cartier Q-divisors on XΣ is isomorphic to the group of piece-wise
linear functions with rational coefficients on Σ that restrict to a linear function on each
cone η ⊂ Σ; the linear functions among them correspond to the principal divisors. The
stratum Xσ is a toric variety in its own right, with the dense torus Tσ = C[σ⊥]. We
may identify Hom((σ ∩Q)⊥,Q) with N/〈σ〉, where 〈σ〉 is the vector space spanned by
by σ ∩ Q. Given a Q-divisor D on XΣ corresponding to a piece-wise linear function
t̃D : N ⊗ R → R, the restriction of its linear equivalence class Xσ can be decribed as
follows. There exists a linear function t̃′D : N ⊗ R → R such that t̃D − t̃′D vanishes on
〈σ〉, this function is therefore a pull-back of a piece-wise linear function with rational
coefficients η : N/〈σ〉 → R; the function η corresponds to the linear equivalence class
of the restriction of the linear equivalence class of D to Xσ.

The elements of Ā1(σ) by definition correspond to piece-wise linear functions with
rational coefficients on the cone over St(σ), or to affine functions with rational coeffi-
cients on t̃−1(1). It then immediately follows from the description of the restriction of
toric divisors to Xσ that

Λ1(σ) = Aff(St(σ))/ const .

By Lemma 3.1.1 we have
p∧

Λ1 ⊂ Λp
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To conclude, it will suffice show for any codimension 1 face τ ⊂ St(σ) that

Λp(τ) ⊂
p∧

Λ1(τ)

Since τ is a codimension 1 face, it has two faces of maximal dimension contianing it, call
them η1 and η2, η

1
= τ ∪ {i} and η

2
= τ ∪ {j}. Any function f ∈ A1(τ) detemines an

affine function on η1, and since η is of maximal dimension, this linear function extends
uniquely to an affine function on St(τ). It follows that

Λ̄1(τ) = Λ1(τ)⊕Qj, Λ̄p(τ) =

p∧
Λ1(τ)⊕Qj ∧

(
p−1∧

Λ1(τ)

)
By Lemma 3.1.1 we have for any a ∈ Λ̄p−1(τ)

cpτ (j ∧ a) = c1
τ (j) ∧ a+ (−1)p−1cp−1

τ (a) ∧ j = c1
τ (j) ∧ a,

from which it is clear that that cpτ cannot vanish on the elements of the second direct
summand, and we can conclude. �

Corollary 3.4.2. Let f : X → S be an snc degeneration, Y = f−1(0), and let g :
Xσ → A1 be a morphism of toric varities as in the statement of Proposition 3.4.1.
Assume that a tubular neighbourhood of a stratum Yσ of Y is isomorphic to a tubular
neighbourhood of a stratum of Xτ ⊂ g−1(0). Then Λ•(σ) is isomorphic to the algebra
of translation-invariant rational differential forms on St(τ).

4. The complex K•(∆X ,Λ
p)

In this section we will study a certain complex that will play the crucial role in
the proof of Theorem A. Let us outline our strategy, which is inspired by [IKMZ19,
Section 5] (though since Theorem A is about cohomology and not homology, our set up
is dual; we also do not have to deal with sedentarity and infinite faces). We construct
resolutions K•(σ,Λp) of vector spaces Λp(σ), functorial in σ, and use them to define a
complex K•(∆X ,Λ

p) quasi-isomorphic to the complex C•(∆X ,Λ
p) of simplicial cochains

with coefficients in Λp. We then show that C•(∆X ,Λ
p) has the same cohomology as

a certain subcomplex s
′
D•p(Y ) of sD•p(Y ), the 2p-th line of the Steenbrink spectral

sequence.
For the benefit of a reader familiar with the proof of the main result of [IKMZ19] we

discuss technical peculiarities that pertain to our set up. Firstly, the definition of the
complex K•(∆X ,Λ

p) uses only cohomology classes that lie in the span of cycle classes of
the strata of Y . Its differential takes into account the multiplicities of the components
of the central fibre as opposed to [IKMZ19], where a unimodular triangulation of the
tropical limit is chosen first. This complex plays a role similar to that of the complex

K
(p)
•,• of [IKMZ19, 5.3-4], but in order to show that it is quasi-isomorphic to C•(∆X ,Λ

p)
we use an inductive argument in Lemma 4.1.2 instead of the purity of the weight
filtration on the cohomology of the complement of a hyperplane arrangement that
was used in [IKMZ19]. Secondly, the treatment of signs in the computations of the
differentials of the zeroth and first pages of the spectral sequence associated to the

filtration F∆ on the cochain complex K
(p)
• in Section 5.4 of [IKMZ19] contains gaps. In

particular, the components of the differential of the residue complex should have signs
that depend on the destination face. Filtration G on the cochain complex K•(∆X ,Λ

•)
is the analogue of F∆ in our set up, and in our Lemma 5.1.2 the correct signs for the
differential in the complex S•n(σ), the dual of the residue complex of [IKMZ19], are
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computed. These signs are then used to derive correct signs for the differentials and for
the coordinate components of the map N in the proofs of Lemmas 5.1.1, 5.1.3.

4.1. Complexes
′
M•

q(Y ) and
′
D•,•p (Y ). For any k denote Y 6=k =

∑
i 6=k Yi and denote

Y ◦k the divisor Yk ∩ Y6=k in Yk. More generally, if Yσ ⊂ Y is a stratum of Y , denote

Y ◦σ =
⋃
j /∈σ

Yj ∩ Yσ.

Definition 4.1.1. For any stratum Yσ ⊂ Y denote
′
H•(Yσ) = Q{ Gysτσ(1Yτ ) | τ ∈ St(σ) } ⊂ H•(Yσ).

More generally, denote
′
H•(Y (p)) =

⊕
|σ|=p+1

′
H•(Yσ)

Note that
′
H•(Y (p)) is a subring of H•(Y (p)). Denote

′
M•

p(X, Y ) the subcomplex of
M•

p (X, Y ):

0→ ′
H0(Y (p))

γ(p)−−→ ′
H2(Y (p−1))→ . . .→ ′

H2p−2(Y (1))
γ(1)−−→ ′

H2p(X)→ 0

Similarly, denote
′
D•,•p (Y ) the complex

0→ σ≤p
′
M•

p(X, Y )
ρ(p)−−→ σ≤p

′
M•

p+1(X, Y )
ρ(p+1)

−−−→ σ≤p
′
M•

p+2(X, Y )→ . . .

Lemma 4.1.2. For any variety X and an snc divisor Y ⊂ X, for all p ≥ 0 the complex
′
M•(X, Y ) doesn’t have cohomology in degree > 0.

Proof. The proof is by induction on p. Indeed,
′
M•

0(X, Y ) consists a single term and so

the statement of the Lemma is true for it. It follows from the definition of
′
M•

p(X, Y )
that the following sequence is exact

0→ ′
M•

p(X, Y6=k)→
′
M•

p(X, Y )→ ′
M•

p−1(Yk, Y
◦
k )→ 0.

By induction hypothesis the cohomology of the first and third terms is concentrated in
degree 0, therefore, the same is true for

′
M•

p(X, Y ). �

4.2. Complex K•(σ,Λp): differential. Consider a face σ ⊂ ∆X . The space λ1(σ)
has a number of distinguished bases: for each k ∈ σ, the vectors of the form dxik =
i− k ∈ λ1(σ), i 6= k are linearly independent. These bases have dual ones in T 〈σ〉: for
any i ∈ σ let δi ∈ T 〈σ〉 be the derivation determined by

δi(i) = 1 δi(j) = 0, j 6= i

and let δik = δi − δk. In other words, δik is the contraction with the vector going from
vertex k to the vertex i.

Lemma 4.2.1. If τ ⊃ σ, i, k ∈ σ then for all a ∈ λ•(τ), (δika)|σ = δik(a|σ).

Proof. Straightforward. �

Definition 4.2.2. For any face σ define let the term Kr(σ,Λp) to be the subspace of⊕
τ⊃σ

′
H2r(Yτ )⊗ λp−r(τ)

spanned by tuples of primitive tensors
∑

τ⊃σ aτ ⊗ bτ that satisfy the equations

resβ(aα) = aβ, bβ|α = bα,
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for all β ⊃1 α. Pick a vertex k ∈ σ and define the differential

d′k :
⊕
τ⊃σ

′
H2r(Yτ )⊗ λp−r(τ)→

⊕
τ⊃σ

′
H2r+2(Yτ )⊗ λp−r−1(τ)

on the primitive tensors by the formula

d′k(aτ ⊗ bτ ) =
∑
i∈τ\σ

Ni Gysτ∂iτ (aτ )⊗ (δikbτ )|∂iτ +
∑
i∈σ

Ni resτ (Gysτ∂iτ (aτ ))⊗ δikbτ

where the first term belongs to⊕
i∈τ

′
H2r+2(Y∂iτ )⊗ λp−r(∂iτ)

and the second belongs to
′
H2r+2(Yτ )⊗ λp−r(τ).

Lemma 4.2.3. For any k, k′ ∈ σ and any v ∈ Kr(σ,Λp), d′k(v) = d′k′(v).

Proof. Consider a sum of primitive tensors

v =
∑
τ⊃σ

aτ ⊗ bτ ∈ Kr(σ,Λp),

then we have

(d′k − d′k′)(v)α =
∑

η:α=∂iη

Ni Gysηα(aη)⊗ (δk′kbη)|α +
∑
i∈α

Ni resα(Gysα∂iα(aα))⊗ δk′kbα

=

( ∑
η:α=∂iη

Ni Gysηα(resη(aα)) +
∑
i∈α

Ni resα(Gysα∂iα(aα))

)
⊗ δk′kbα,

which vanishes by Corollary 2.2.3. �

In view of the Lemma, we will denote any of the differentials d′k as simply d′.

Lemma 4.2.4. d′(Kr(σ,Λp)) ⊂ Kr+1(σ,Λp).

Proof. To perform the computations below let us fix a vertex k ∈ σ. It suffices to prove
that d′kv ∈ Kr+1(σ,Λp) for all sums of primitive tensors

v =
∑
τ⊃σ

aτ ⊗ bτ ∈ Kr(σ,Λp).

Take two faces α, β ⊃ σ, α = ∂lβ. Then

(d′v)α =
∑

η:α=∂iη,η 6=β

Ni Gysηα(aη)⊗ (δikbη)|α+

+Nl Gysβα(aβ)⊗ (δlkbβ)|α +
∑
j∈α

Nj resα(Gysα∂jα(aα))⊗ δjkbα,

(d′v)β =
∑

ε:β=∂iε

Ni Gysεβ(aε)⊗ (δikbε)|β+

+
∑
j∈α

Nj resβ(Gysβ∂jβ(aβ))⊗ δjkbβ +Nl resβ(Gysβα(aβ))⊗ δlkbβ.
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Since ∆X is assumed to be a simplicial complex, there is a one-to-one correspondence
between faces enumerating the summands of the first terms of d(v)β and d(v)α. All
such pairs of faces ε, η satisfy

η = ∂lε, ∂iε = β, ∂iη = α.

We have

resβ(Gysηα(aη)) = Gysεβ(resε(aη))) = Gysεβ(aε),

since v ∈ Kr(σ,Λp) and by Corollary 2.2.2, and we also have

(δikbε)|α = (δik(bε|η))|α = (δikbη)|α
by Lemma 4.2.1.

Again by Corollary 2.2.2, for all j ∈ α
resβ resα(Gysαδjα(aα)) = resβ(Gysβ∂jβ(resβ(aα))) = resβ(Gysβ∂jβ(aβ)),

and by Lemma 4.2.1,
(δjkbβ)|α = δjk(bβ|α) = δjkbα.

Finally, the terms

Gysβα(aβ)⊗ (δlkbβ)|α and resβ Gysβα(aβ)⊗ δlkbβ
clearly satisfy the identities from the definition of Kr(σ,Λp). We conclude that d′k(v) ∈
Kr+1(σ,Λp). �

Lemma 4.2.5. d′ ◦ d′ = 0.

Proof. Let v ∈ Kr(σ,Λp) be a sum of primitive tensors as before.

d′k(d
′
kv) =

∑
τ⊃σ

∑
j∈∂iτ

∑
i∈τ

NiNj Gys∂iτ∂i∂jτ Gysτ∂iτ aτ ⊗ (δjkδikbτ )|∂j∂iτ+

+
∑
j∈τ

∑
i∈τ

NiNj Gysτ∂jτ resτ Gysτ∂iτ aτ ⊗ (δjkδikbτ )|∂jτ+

+
∑
j∈∂iτ

∑
i∈τ

NiNj res∂iτ Gys∂iτ∂j∂iτ Gysτ∂iτ aτ ⊗ δjk(δikbτ )|∂iτ+

+
∑
j∈τ

∑
i∈τ

NiNj resτ Gysτ∂jτ resτ Gysτ∂iτ aτ ⊗ δjkδikbτ

)
.

Then by Corollary 2.2.2

Gysτ∂jτ resτ Gysτ∂iτ = res∂jτ Gys∂iτ∂j∂iτ Gysτ∂iτ = res∂jτ Gys
∂jτ
∂i∂jτ

Gysτ∂jτ

and

resτ Gysτ∂jτ resτ Gysτ∂iτ aτ = resτ res∂jτ Gys∂iτ∂j∂iτ Gysτ∂iτ aτ =

= resτ res∂iτ Gys
∂jτ
∂j∂iτ

Gysτ∂jτ aτ = resτ Gysτ∂iτ resτ Gysτ∂jτ aτ ,

and therefore by Lemma 4.2.1 the sum in parenthesis vanishes for each τ ⊃ σ.
�
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4.3. Complex K•(σ,Λp): resolution. It is clear from the Definition 3.1.2 that

Λp(σ) ∼= K0(σ,Λp)

For any pair of faces σ, τ, σ ⊂ τ define the map

κτσ : λ•(τ)→ λ•−l(σ) a 7→ (δil,τ ◦ . . . ◦ δi1,τ )(a)|σ,

where τ \ σ = { i1, . . . , il }, i1 < . . . < il.
Denote λ•(τ ;σ) the subspace of differential forms in λ•(τ) such that their restriction

to 〈σ〉 vanishes, in particular, for any such form a and any derivation δ ∈ T 〈σ〉, δa = 0.
Define

Fmλp(τ) =
m−1⊕
l=0

λp−l(τ ;σ) ∧ λl(σ), FmKr(σ,Λp) =
⊕
τ⊃σ

′
H2r(Yτ )⊗ Fmλp−r(τ).

If a ∈ λp−l(τ ;σ) ∧ λl(σ) and k ∈ σ, i ∈ τ \ σ then δika ∈ λp−l−1(τ ;σ) ∧ λl(τ), and
therefore the differential d′ respects the filtration F •, so it is an increasing filtration
of (K•(σ,Λp), d′) by subcomplexes. Since Λ̄•(σ) and Λ•(σ) embed into

⊕
τ⊃σ

λ•(σ), both

graded vector spaces inherit the filtration.

Lemma 4.3.1. Let J ′ ⊂ J and let i /∈ J ′. We have

- sgn(i, J ′ ∪ {i}) sgn(i, J \ J ′) = sgn(i, J),

-

∏
j∈J ′(−1)|J | sgn(j, J)∏

j∈J ′(−1)|J |−1 sgn(j, J \ {i})
= sgn(i, J ′ ∪ {i}).

-

-

∏
j∈J ′(−1)|J |−1 sgn(j, J \ {i})∏
j∈J ′∪{i}(−1)|J | sgn(j, J)

= sgn(i, J \ J ′).

Proof. The first statement is straigtforward.
To prove the second statement, notice that

(−1)|J | sgn(j, J) = −(−1)|J |−1 sgn(j, J \ {i} for j < i,
(−1)|J | sgn(j, J) = (−1)|J |−1 sgn(j, J \ {i}) for j > i.

Therefore, the left hand side expression is equal (−1)l, where l is the number of elements
of J ′ less than i. The statement follows.

The left hand side in the third statement differs from left hand side in the second
statement by sgn(i, J). So we can conclude by combining second and the first statement.

�

Lemma 4.3.2. The cohomology of the complex K•(σ,Λp) is concentrated in degree 0
for all p ≥ 0.

Proof. Clearly grmF λ
p(τ) ∼= λp−m+1(τ ;σ) ∧ λm−1(σ). If |τ | = |σ|+ p−m+ 1, the space

λp−m+1(τ ;σ) is of dimension 1 and the map κτσ establishes an isomorphism between
grmF λ

p(τ) and λm−1(σ). Observe that if |τ | < |σ|+ p−m+ 1 then grmF λ
p(τ) = 0, and if

|τ | > |σ|+p−m+1 then any element aτ⊗bτ ∈ Fmλp(τ) is a sum of elements of the form
aη⊗bτ |η ∈ Fmλp−m+1(η), aη|τ = aτ , where η ⊂ τ is a face such that |η| = |σ|+p−m+1.
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Therefore, the maps

πm,r : grmF K
r(σ,Λp)→

⊕
τ⊃p−r−m+1σ

′
H2r(Yτ )⊗ λm−1(σ) ∼=

′
M r

p−m+1(Yσ, Y
◦
σ )⊗ λm−1(σ),∑

τ⊃σ

aτ ⊗ bτ 7→
∑

τ⊃p−r−m+1σ

Nτaτ ⊗ κτσ(bτ )

are isomorphisms. In fact, for a fixed m the maps πm,r define a morphism of complexes,
and hence a quasi-isomorphism: for any v =

∑
τ⊃σ

aτ ⊗ bτ ∈ Kr(σ,Λp),

πm,r+1(d′v) =
∑

τ⊃p−r−mσ

∑
i∈τ\σ

NiN∂iτ Gysτ∂iτ (aτ )⊗ κ
∂iτ
σ ((δikbτ )|∂iτ ) =

=
∑

τ⊃p−m−rσ

∑
i∈τ\σ

Nτ sgn(i, τ \ σ) Gysτ∂iτ aτ ⊗ κ
τ
σ(bτ ),

Since M•
p−m+1(Yσ, Y

◦
σ ) has cohomology concentrated in degree 0, by Lemma 4.1.2 then

so does grmF K
r(σ,Λp). �

Definition 4.3.3. Let

Kq,r(∆X ,Λ
p) =

⊕
|σ|=q+1

Kr(σ,Λp)

and for any α ⊃ σ let πσα be the natural projection

πσα :
⊕
τ⊃σ

′
H2r(Yτ )⊗ λp−r(τ)→

⊕
β⊃α

′
H2r(Yβ)⊗ λp−r(β).

Define the horizontal differential d′′ : Kq,r(∆X ,Λ
p)→ Kq+1,r(∆X ,Λ

p)

d′′(x) =
∑

α:∂iα=σ

sgn(i, α)πσα.

The inclusions Λ•(σ) ↪→ K0(σ,Λ•) extend to the inclusions⊕
|σ|=q

Λ•(σ) = Cq(∆X ,Λ
•) ↪→ Kq,0(∆X ,Λ

•)

for each q ≥ 0 and it is clear from the definition of d′′ that they define a morphism of
complexes. Moreover, by Lemma 4.3.2

C0(∆X ,Λ
p) = Ker d′.

It follows that the induced morphism C•(∆X ,Λ
•)→ sK•(∆X ,Λ

•) is a quasi-isomorphism.

4.4. Logarithm of monodromy. Let σ be a face of ∆X , σ = { i1, . . . , il }, l ≥ 2,
and assume that j, k ∈ σ are top two vertices of σ in the orientation order. Define
Nσ : Kr(∂kσ,Λ

p)→ Kr(σ,Λp−1) to be the map

Nσ(v) =
∑
τ⊃σ

(−1)|τ |aτ ⊗ δjkbτ ,

where v is a sum of primitive tensors
∑

τ⊃∂kσ aτ ⊗ bτ (the meaning of the sign will
become apparent in the proof of Lemma 5.1.4). This map is always well-defined when
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p = 1 and is well-defined for p > 1 if Λ• is regular at σ. Define the map

N : Kq,r(∆X ,Λ
•)→ Kq+1,r(∆X ,Λ

•−1), N(v) = (−1)q+1
∑
|σ|=q+2

Nσ,

which in turn induces the map N : sK•(∆X ,Λ
•) → sK•+1(∆X ,Λ

•−1), when it is well-
defined.

Lemma 4.4.1. The map on the cohomology

H•(∆X ,Λ
1)→ H•+1(∆X ,Λ

0)

induced by the map N coincides with the coboundary map associated with the short exact
sequence of sheaves (3.1). If Λ• is regular at every face σ of ∆X then the statement is
also true about the map

H•(∆X ,Λ
p+1)→ H•+1(∆X ,Λ

p)

induced by N for all p > 0.

Proof. The proof uses an idea similar to the one used in the proof of [SRJ18, Proposi-
tion 3.5].

Since the inclusion C•(∆X ,Λ
•)→ sK•(∆X ,Λ

•) is a quasi-isomorphism, it suffices to
check the statement on the complex C•(∆X ,Λ

•).
Take a cocycle a = (aσ) ∈ Cq(∆X ,Λ

p), where aσ ∈ Λp(σ). If ã = (ãσ) ∈ Cq(∆X , A
p)

is some lifting of the cocycle a then

dã ∈ Ker(Cq+1(∆X , A
p)→ Cq+1(∆X ,Λ

p)) = Im(h : Cq+1(∆,Λp−1)→ Cq+1(∆X , A
p)).

We will pick ã in such a way that dã = h(Na).
Recall that for any face τ elements of λ1(τ) are translation-invariant differential

forms with rational coefficients on τ ⊂ T (τ) ⊗ R ⊂ H0(St(τ), A1)∗ ⊗ R. The elements
of A1(τ) are tautologically identified with linear functions on H0(St(τ), A1)∗ or with
affine functions on e(τ) ⊂ H0(St(τ), A1)∗. More generally, elements of

∧pA1(τ) can
be identified with translation-invariant differential forms with rational coefficients on
the linear subspace spanned by e(τ) ⊂ H0(St(τ), A1)∗ ⊗ R. If p > 1 we assume from
now on that Λ• regular at any face of ∆X : Λp(τ) =

∧p Λ1(τ). Recall that 1τ is the
function that is constantly 1 on τ , we will use the same notation for the corresponding
differential form. The natural inclusion

Λp(τ) ↪→ Ap(τ)

is induced by wedging with 1τ . Note that this is well-defined, since Λ1(τ) is the quotient
of A1(τ) be the subspace spanned by 1τ .

For each element aσ ∈ Λp(σ) pick the unique lifting ãσ ∈ Ap(σ) such that δjaσ = 0,
where j ∈ σ is maximal with respect to the orientation ordering. Since da = 0, we have
that dã ∈ Cq+1(∆X ,Λ

p−1) ⊂ Cq+1(∆X , A
p). Pick a face τ ⊂ ∆X . Let j < k be two

topmost vertices of τ in the orientation ordering. We have

δkã∂iτ = 0, for all i ∈ τ , i 6= k, δj ãσ = 0,

where σ = ∂kτ .
The elements of the form 1τ ∧ b ∈ Ap(τ) are characterized by the property

δi(1τ ∧ b) = δj(1τ ∧ b),
for any vertices i, j ∈ τ , moreover, for any vertex i ∈ ulτ ,

δi(1τ ∧ b) = b|〈τ〉.
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In particular,

δk(dã)τ =
∑
i∈τ

sgn(i, τ)δka∂iτ = (−1)|τ |δkãσ = (−1)|τ |(δk − δj)ãσ.

But since ãσ|〈e(σ)〉 = aσ, we have

(dã)τ = (−1)|τ |1τ ∧ δjkaσ|τ = (Na)τ ,

and we conclude. �

5. Cohomology of Λp

5.1. Proof of Theorems A and A’. Let α, σ be faces such that ∂iα = σ. Denote the
unique vector in λ1(α;σ) such that δikdzik,σ = 1 for some (equivalently, any) k ∈ σ as
dzi,σ. Clearly, ∑

i∈σ

dzi,∂iσ = 0.

Let G• be the filtration on the total complex sK•(∆X ,Λ
p)) induced by the filtration

GmKr(σ,Λp) = F |σ|+r−mKr(σ,Λp).

Lemma 5.1.1. The zeroth page of the spectral sequence associated to the filtration G
on sK•(∆X ,Λ

p)) has the following form

p
GE

i,j
0 (Y ) =

⊕
r≥0

⊕
|σ|=i+j−r+1

⊕
τ⊃p−r−jσ

′
H2r(Yτ )⊗ λj(σ)

with the differential d0 : p
GE

i,j
0 →

p
GE

i,j+1
0 defined as follows on primitive tensors aτ⊗bτ ∈

′
H2r(Yτ )⊗ λj(σ):

d0(aτ ⊗ bτ ) =
∑
l∈τ\σ

aτ ⊗ sgn(l, τ)(dzl,σ ∧ bτ )

where k is the maximal vertex in σ with respect to the orientation ordering.

Proof. The first statement follows from the fact that

p
GE

i,j
0 (Y ) = griG sK

i+j(∆X ,Λ
p) =

⊕
r≥0

⊕
r+|σ|−1=i+j

griGK
r(σ,Λp) =

=
⊕
r≥0

⊕
|σ|=i+j−r+1

grj+1
F Kr(σ,Λp).

The contribution of the vertical differential d′ : Kr(σ,Λp)→ Kr+1(σ,Λp) to

d0 :
⊕
r≥0

⊕
|σ|=i+j−r+1

grj+1
F Kr(σ,Λp)→

⊕
r≥0

⊕
|σ|=i+j−r+2

grj+2
F Kr(σ,Λp)

is zero because d′ preserves the filtration F .
We identify grj+1

F Kr(σ,Λp) with
⊕

τ⊃p−r−jσ
′
H2r(Yτ ) ⊗ λj(σ) via the isomorphism

id⊗κτσ,k where k is the vertex in σ that is maximal with respect to the orientation order-
ing. Let us compute the contribution of the horizontal differential d′′ : Kq,r(∆X ,Λ

p)→
Kq+1,r(∆X ,Λ

p).
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Consider a sum of primitive tensors v =
∑

τ⊃σ aτ⊗bτ ∈ Kr(σ,Λp). Take some l ∈ τ\σ
and let ∂lα = σ. Then the images of v and d′′v in grj+1

F Kr(σ,Λp) and grj+2
F Kr(α,Λp)

are, respectively,∑
τ⊃p−r−jσ

aτ ⊗ κτσ,k(bτ ), sgn(l, α)
∑

τ⊃p−r−j−1α

aτ ⊗ κτα,k(bτ ),

with
κτα,k(bτ ) = sgn(l, τ \ σ)dzlk,σ ∧ κτσ,k(bτ ).

Since
sgn(l, α) sgn(l, τ \ σ) = sgn(l, τ)

by Lemma 4.3.1, the statement of the lemma follows. �

For any face τ and a number n ≤ |σ| consider the complex S•n(τ)

0→
⊕
σ⊂nτ

λ0(σ)→
⊕

σ⊂n−1τ

λ1(σ)→ . . .→ λn(τ)→ 0

with the differential sending a ∈ λp(σ) to
∑

∂lα=σ sgn(l, σ)dzl,σ ∧ a.

Lemma 5.1.2. For any τ and any n < |τ |

H i(S•n(τ)) =

{
Q i = 0,
0, i > 0.

Moreover, the unique up to scalar 0-th cohomology class is represented by a cocycle
a = (aσ)σ⊂nτ with

aσ =
∏
i∈σ

(−1)|τ | sgn(i, τ)

Proof. The proof is by induction on n. Let’s check the base of induction: clearly,
S0

0(τ) = λ0(τ) and Si0(τ) = 0 for i > 0. For the induction step, let k be some vertex in
σ and consider the exact sequence

0→ S•n(τ, ∂kτ)→ S•n(τ)→ S•n−1(∂kτ)→ 0,

where S•n(τ, ∂kτ) is the subcomplex with the terms

Sin(τ, ∂kτ) =
⊕

τ⊃n−iσ,σ 6⊂∂kσ

λi(σ).

Since S•n−1(∂kτ) only has cohomology Q in degree 0, and vanishing cohomology in
all other degrees by induction hypothesis, in order to prove that S•n(τ) has the same
property it would suffice to show that the complex S•n(τ, ∂kτ) is acyclic.

Notice that for any faces α, β, η ⊆ σ such that α ∪ β = η and α ∩ β = {k}, and any
numbers m1,m2,m1 ≤ |α|,m2 ≤ |β|,

S•m1+m2
(η, ∂kσ) ∼= S•m1

(α, ∂kα)⊗ S•m2
(β, ∂kβ)

(recall that the tensor product in the right hand side is the total complex of the double
complex (S•m1

(α, ∂kα)⊗S•m2
(β, ∂kβ), dα, dβ)). In particular, denoting αl ⊂ σ the 1-faces

with αl = {l, k}, we have

S•n(σ, ∂kσ) =
⊕

τ⊂∂kσ,|τ |=n

⊗
l∈∂kσ

S•1τ (l)(αl, l),

where 1τ : ∂kσ → {0, 1} is the indicator function of τ . The complex S•1(αl, l) has the
form Q→ Q with non-trivial differential, and so is acyclic, and S•0(αi, ∂kα) has unique
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non-trivial term Q in degree 0. Therefore, since there is at least one l ∈ τ , the tensor
product is acyclic, and so is S•n(σ, ∂kσ).

For the last statement of the Lemma, direct computation gives

(da)σ =
∑
i∈σ

∏
j∈∂iσ

(−1)|τ | sgn(j, τ)

 sgn(i, τ)dzi,∂iσ =

= (−1)|τ |
∏
j∈σ

(−1)|τ | sgn(j, τ)(
∑
i∈σ

dzi,∂iσ) = 0.

So a is indeed a cocycle representing a non-trival class in H0(S•n(σ)). �

Lemma 5.1.3. The first page of the spectral sequence associated to the filtration G on
sK•(∆X ,Λ

p) consists of a single row:

( pGE
•,0
1 (Y ), d1) = (sD•p(Y ), d).

Proof. By Lemma 5.1.1,

p
GE

i,j
0 (Y ) =

min{i,p}⊕
r=0

⊕
|τ |=p−2r+i+1

′
H2r(Yτ )⊗ Sjp−r(τ),

so by Lemma 5.1.2, p
GE

i,j
1 (Y ) = 0 unless j = 0, and

p
GE

i,0
1 (Y ) =

min{i,p}⊕
r=0

⊕
|τ |=p−2r+i+1

′
H2r(Yσ) =

min{i,p}⊕
r=0

′
H2r(Y (p−2r+i+1)) = sDi

p(Y ).

Fix p and denote for brevity L• = sK•(∆X ,Λ
p)). The differential d1 : H i+j(griG L

•)→
H i+j+1(gri+1

G L•) is the boundary morphism on the cohomology associated to the short
exact sequence

0→ gri+1
G L• → GiL•/Gi+2L• → griG L

• → 0

If v is an element of Gi+jL that represents a cohomology class [v] ∈ H i+j(griG L
•) then

dv ∈ Gi+j+1Li+1 and dv represents d1([v]) in H i+j+1(gri+1
G L•).

Take

[v] =
∑
r≥0

∑
|τ |=p−2r+i+1

aτ ∈
⊕
r≥0

⊕
|τ |=p−2r+i+1

′
H2r(Yτ ) ∼=

′
H i(griG L

•),

We identify

H i(griG L
•) =

⊕
|τ |=p−2r+i+1

′
H2r(Yτ )⊗ S0

p−r(τ) and
⊕

|τ |=p−2r+i+1

′
H2r(Yτ )

via the isomorphism that sends the cocycle a from the statement of Lemma 5.1.2, to
1. Denote volτσ the unique element of λp−r(τ ;σ) such that κτσ(volτσ) = 1σ. Then the
cohomology class of [v] can be represented by a sum

v =
∑
r≥0

∑
|τ |=p−2r+i+1

σ⊂p−rτ

vσ,τ ∈ GiL, vσ,τ ∈ Kr(σ,Λp),

where

(vσ,τ )τ =
∏
l∈σ

(−1)|τ | sgn(l, τ) · aτ ⊗ volτσ .
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Then

d′(vσ,τ ) =
∏
l∈σ

(−1)|τ | sgn(l, τ)·
∑
l∈τ\σ

Nl Gysτ∂lτ (aτ )⊗δlk volτσ |∂lτ+
∑
l∈σ

Ni resτ Gysτ∂lτ (aτ )⊗δlk volτσ .

Since volτσ ∈ λp−r(τ ;σ) we have that δlk volτσ = 0 for all l ∈ σ, and the summands in
the second sum vanish. And since for l ∈ τ \ σ we have

κ∂lτσ,k(δlk volτσ) = sgn(l, τ \ σ)κτσ,k(volτσ)

(as in the proof of Lemma 4.3.2), we have that the image of d′(aτ ⊗ volτσ) in gri+1
G Li+1

is∑
l∈τ\σ

Nl sgn(l, τ \ σ)

∏
l′∈σ(−1)|τ | sgn(l′, τ)∏

l′∈∂lσ
(−1)|τ |−1 sgn(l′, τ)

Gysτ∂iτ (aτ ) =
∑
l∈τ\σ

Nl sgn(l, τ) Gysτ∂iτ (aτ )

by Lemma 4.3.1.
Similarly, since volβα |σ = volτσ for any pair of faces β ⊃ α such that ∂iβ = τ and

∂iα = σ for some i /∈ τ ,

d′′(v)β = sgn(l, α)aβ ⊗ volβα = sgn(l, α)aτ |Yβ ⊗ volβα .

Therefore, the image of d′′(v)β in H i+1(gri+1 L•) is then

sgn(l, α)

∏
l∈σ(−1)|τ | sgn(l, τ)∏
l∈α(−1)|β| sgn(l, β)

aτ |Yα = sgn(l, β)aτ |Yα

by Lemma 4.3.1.
We observe that d1 = d′ + d′′ coincides with the differential of the complex sD•p. �

Coboundary morphism N associated to the exact sequence (3.1) is analogous to
the eigenwave morphism in tropical geometry, introduced by Mikhalkin and Zharkov
in [MZ14]. See Proposition 3.5 [JRS17] for the comparison between a coboundary
morphism of a sequence analogous to 3.1 in tropical geometry. We will now show that
under the isomorphism from Lemma 5.1.3 the coboundary morphism corresponds to
the morphism N on the weight spectral sequence for the limit mixed Hodge structure
induced by the logarithm of the monodromy morphism.

Lemma 5.1.4. The map

N : p
GE

i,0
1 (Y )→ p−1

GE
i+1,0
1 (Y )

induced by the morphism N : sKr(∆X ,Λ
p)→ sKr+1(∆X ,Λ

p−1) is identity.

Proof. As in the proof of Lemma 5.1.3 take

[v] =
∑
r≥0

∑
|τ |=p−2r+i+1

aτ ∈ H i(griG sK
•(∆X ,Λ

p)) ∼= p
GE

i,0
1 (Y )

represented by an element

v =
∑
r≥0

∑
|τ |=p−2r+i+1

σ⊂p−rτ

vσ,τ , vσ,τ ∈ Kr(σ,Λp), (vσ,τ )τ =

∏
l∈σ

(−1)|τ | sgn(l, τ)

 aτ ⊗ volτσ,

Take a face α ⊂ τ , let j, k be the two topmost vertices in |α|, and denote σ = ∂kα, then
since δjk volτσ = sgn(j, τ \ σ) volτα, we have

Nα(vσ,τ ) = (−1)|τ |+|σ|+1
∏
l∈σ

(−1)|τ | sgn(l, τ) sgn(j, τ \ σ) · aα ⊗ volτα .
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The image of Nα(vσ,τ ) in H i+1(gri+1
G sK•(∆X ,Λ

p−1) is thus by Lemma 4.3.1

(−1)|τ |+|σ|+1

∏
l∈σ(−1)|τ | sgn(l, τ)∏
l∈α(−1)|τ | sgn(l, τ)

sgn(j, τ \ σ) · aα =

= (−1)|σ|+1 sgn(j, τ) sgn(j, τ \ σ)aα = (−1)|σ|+1 sgn(j, α)aα,

which is equal to just aα, since j is maximal in α. �

Theorem 5.1.5. Let f : X → S be a unipotent degeneration and assume that there
exists a cohomologically Kähler class in H2(Y ). Then for all p, q ≥ 0, there exists a
map

Hq(∆,Λp)→ gr2p
W Hp+q(X∞).

Assume that Λ• is regular at every face of ∆X . Then the map commutes with the
logarithm of monodromy morphism N on the right, and the coboundary morphism of
the short exact sequence (3.1) on the left.

Proof. The proof is a conjunction of Lemmas 4.1.2, 4.3.2, 5.1.1, 5.1.2, 5.1.3, 5.1.4 and
Fact 2.4.2. �

Theorem 5.1.6. Assume that there exists a combinatorial Lefschetz class ω ∈ H2(Y ),
then the morphism

H•(∆,Λ•)→ grW2• H
•(X∞)

constructed in Theorem A is injective and dimHn−q(∆X ,Λ
n−p) = dimHq(∆X ,Λ

p). If
Λ• is regular at any face σ ⊂ ∆X and the morphism N is well-defined then

Np−q : Hq(∆X ,Λ
p)→ Hp(∆X ,Λ

q)

is an isomorphism.

Proof. By Fact 2.4.2 (K•,• ⊗ R, N, Lω) is a Hodge-Lefschetz module, since ω|Yσ is a
Lefschetz class for all strata Yσ. Since ω is also combinatorial, the operator Lω pre-
serves the subcomplex

′
K•,•, so it is a Hodge-Lefschetz submodule of (K•,•, N, Lω). By

Fact 2.4.4, the inclusion Ker�∩ ′K•,• ↪→ Ker� induces the inclusion of cohomology of

complexes s
′
D•2p ↪→ sD•2p for all p. The last statement of the theorem follows from the

definition of combinatorial Lefschetz classes and Fact 2.4.4. �

Proposition 5.1.7. If X → S is a degeneration of curves such that the central fibre
has at least one double point, then any cohomologically Kähler class is combinatorial
Lefschetz.

Proof. Immediate, since
′
H2(Y (1)) = H2(Y (1)). �

If X ′ → S∗ is a degeneration of polarized Abelian varieties over a punctured disc
with multiplicative reduction, then by [Kün98], there exists a smooth projective model
f : X → S with a central fibre such that its irreducible components are toric varieties.

Proposition 5.1.8. If X → S is a Künemann-Mumford degeneration with toric central
fibre then

H i(X∞) ∼=
⊕
p+q=i

Hq(∆X ,Λ
p)

and

N q−p : Hq(∆X ,Λ
p)→ Hq(∆X ,Λ

p)

is an isomorphism.
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Proof. The irreducible components of the central fibre are toric and intersect along
the irreducible components of the toric boundary, therefore,

′
H i(Y (j)) ∼= H i(Y (j)) and

′
D•(Y ) ∼= D•(Y ), which implies the first statement. Any cohomologically Kähler class
satisfies the conditions of Theorem 5.1.6, which implies the second statement. �

The morphism constructed in Theorem A can be more concretely described with the
help of the notion of PL metrized virtual line bundle (intruduced in [KT02b], see also
[Yu15]).

Definition 5.1.9. A virtual line bundle is a torsor under the sheaf Λ1. If L is a virtual
line bundle, a piece-wise linear metrization (or PL metrization) of ω is a section of
h ∈ H0(L⊗ Λ̄1). The curvature of h at σ is the following element of H2(Yσ)

c1(L, h)σ =
∑
i∈St(σ)

h̃σ(i)Nic1(O(Yi))|Yσ

where h̃σ is a lifting of h to a section an element of Ā1(σ). We denote c1(L, h) =∑
σ c1(L, h)σ ∈

⊕
σH

2(Yσ).

Clearly, if (L, h) and (L′, h′) are two PL metrized virtual line bundles then

c1(L⊗ L′, h+ h′) = c1(L, h) + c1(L, h′).

Proposition 5.1.10. Let a ∈ C1(∆,Λ1) and let L be the corresponding virtual line
bundle.

If Na = 0 ∈ H2(∆X ,Λ
0) then L admits a PL metrization and for any PL metrization

h the class sp(c1(L, h)) ∈ H2(X∞) is equal to the image of a in grW2 H2(X∞).

Proof. Consider the exact sequence

. . . H1(∆X , A
1)→ H1(∆X ,Λ

1)
N−→ H2(∆X ,Λ

0)→ . . .

Since a ∈ KerN , it can be lifted to a cocycle ã ∈ C1(∆X , A
1) ↪→ C1(∆X , Ā

1). Since
the sheaf Ā1 is flabby,

0→ C0(∆X , Ā
1)→ C1(∆X , Ā

1)→ C2(∆X , Ā
1)→ . . .

is exact in degrees > 0. In particular, there exists a cochain b̃ ∈ C0(∆X , Ā
1) such

that db̃ = ã. The diagram of simplicial cochain complexes arising from the morphism
Ā1 → Λ̄1

0 // C0(∆X , Ā
1)

��

// C1(∆X , Ā
1) //

��

. . .

0 // C0(∆X , Λ̄
1) // C1(∆X , Λ̄

1) // . . .

is commutative, and therefore there exists a cochain b ∈ C0(∆X , Λ̄
1) such that db = a.

Now observe that (C•(∆X , Λ̄
1), d) ∼= (K•,0(∆X ,Λ

1), d′′) and that the data of a cochain
b defines a PL metric h on the virtual line bundle L corresponding to a, with c1(L, h) =
d′′b. The cocyle (0,−d′′b) ∈ K1,0(∆X ,Λ

1) ⊕ K0,1(∆X ,Λ
1) is then cohomologous to

the image of a in sK1(∆X ,Λ
1). It follows that the image of a in grW2 H2(X∞) is

(0,−c1(L, h)) = sp(−c1(L, h)).
If h′ is another metrization of L then there exists a cochain b′ such that d′′b = a and

d′b′ = c1(L, h′), a is cohomologous to (0,−c1(L, h′)) = sp(−c1(L, h)). �



32

5.2. Superforms on dual intersection complexes. Let O ⊂ e(St(σ)) be an open set
that intersects e(σ) non-trivially. Call two germs α and β of (p, q)-superforms defined
in a neighbourhood of O in T (σ) equivalent if

α|e(τ) = β|e(τ)

for any face τ ⊃ σ. For any open set U ⊂ St(σ) that intersects σ non-trivially define
the set of superforms on U to be the set of equivalence classes of germs of superforms
in a neighbourhood of e(U) ⊂ T (σ). It is easy to check that differentials d′ and d′′ map
equivalence classes of germs of superforms to equivalence classes, same is true about
the map N : Ap,q → Ap−1,q+1.

If τ ⊃ σ then the inclusion St(τ) ⊂ St(σ) induces a natural map r : T (τ) →
T (σ). Clearly, e(St(τ)) is mapped to e(St(σ)) under this map. We call the pullback
of a superform α defined on an open set U ⊂ St(σ) along this map its restriction to
r(U) ∩ St(τ).

Definition 5.2.1 (Superforms on ∆X). For an open set U ⊂ ∆X , let ΣU be the
collection of faces σ such that U∩σ̊ 6= ∅. A smooth function f on an open subset U ⊂ ∆X

is a collection (fσ)σ∈ΣU , where ασ is a germ of a smooth function on a neighbourhood
of U ∩ σ̊ in St(σ), such that whenever σ ⊂ τ , the restriction of fσ to U ∩ St(τ) is fτ .
We denote the sheaf of smooth functions on ∆X as A 0,0

X .
The sheaves of (p, q)-superforms on ∆X are defined to be

A p,q
X := A 0,0

X ⊗RΛp ⊗R Λq

Lemma 5.2.2. The definition of superforms on ∆X is invariant under subdivisions
induced by blow-ups of the strata of X0.

Proof. The definition of sheaves Λp is invariant under the subdivisions by Proposi-
tion 3.3.2.

Let σ be a face of ∆X and let Yσ be the stratum being blown up, giving rise to
a new degeneration X ′ → X. For any face τ ⊂ ∆X′ such that τ ⊂ σ we have by
Proposition 3.3.2 H0(St(τ), A1) ∼= H0(St(σ), A1) and therefore T (τ) ∼= T (σ). The
invariance of the definition of the �

If f is a local section of A 0,0 on a subset U ⊂ St(σ) then the coefficients of the forms
d′f and d′′f are germs of smooth functions in the neighbourhood of e(U) ⊂ e(St(σ)) ⊂
T (σ) and therefore define local sections of sheaves A 1,0 and A 0,1. We define differentials
d′, d′′ on all sheaves A p,q using formulas (2.1). Similar approach applies to maps J and
N as well.

Proposition 5.2.3.

i) for all p ≥ 0 Ker{d′′ : A p,0
X → A p,1

X } ∼= Λp
X ⊗ R;

ii) Im{d′′ : A p,q → A p,q+1} = Ker{d′′ : A p,q+1 → A p,q+2} for all p ≥ 0;

Proof. The first statement is straightforward as soon as one observes that d′′-closed
(p, 0)-superforms on St(σ) for some face σ can be identified with translation-invariant
p-forms on T (σ), which in turn can be identified with the sections H0(St(σ),Λp).

Further, it follows from Definition 5.2.1 that the second statement reduce to the
corresponding statement about superforms on a vector space. Therefore it is true by
[Lag12b, Lemma 1.10] or [Jel16, Theorem 2.16]. �
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5.3. The monodromy morphism on superforms. We will call local coordinates at
σ any set of affine functions x1, . . . , xn on T (σ) such that dx1, . . . , dxn form a base of a
cotangent space of T (σ) at any (equivalently, every) point of T (σ). Let σ be a face of
∆X , assume that Λ• is regular at σ and let x1, . . . , xm be local coordinates at σ. Then

x0 = 1−
m∑
i=1

xi

is an affine function on T (σ) which is a restriction of a linear function on H0(St(σ), A1)∗

and x0, . . . , xm is a basis of H0(St(σ), A1).

Lemma 5.3.1. For any p > 0 the space H0(St(σ), Ap ⊗ R) is isomorphic to the span
of sections in H0(St(σ),A p−1,0) of the form∑

i∈I

sgn(i, I)xid
′xI\{i}, x0d

′xJ ,

for all multi-indices I, J, |I| = p, |J | = p − 1. Moreover, if a ∈ H0(St(σ), Ap), π :
Ap ⊗ R→ Λp ⊗ R is the natural projection and a is represented by a superform η then
π(a) is represented by the superform d′η.

Proof. Recall that the sections in H0(St(σ),Λp⊗R) correspond to translation-invariant
differential p-forms on T (σ), sections in H0(St(σ), Ap ⊗ R) correspond to translation-
invariant p-forms on H0(St(σ), A1⊗R)∗, and the morphism π is induced by the restric-
tion of forms to T (σ).

If (p − 1, 0)-superform η on T (σ) is given by a formula from the statement of the
Lemma, for some coefficients aI,i, bi, then it can be lifted to a unique (p − 1, 0)-form
η̃. Further, d′η̃ is a d′′-closed (p, 0)-superform, which is the same as a translation-
invariant p-form, and so gives rise to a section of Ap ⊗ R over St(σ). Clearly this
map establishes a bijective correspondence between two natural bases of the subspace
H0(St(σ), A1) and the space of translation-invariant p-forms on H0(St(σ), A1)∗, and so
is an isomorphism. �

Proposition 5.3.2. Assume that Λ• is regular at any face σ ⊂ ∆X . Then for any
p ≥ 0, there exists a distinguished triangle in the derived category of sheaves on ∆X

Λp → Ap+1 → Λp+1 N−→ Λp[1]

where the last morphism is given by the morphism N : A p+1,q → A p,q+1.

Proof. It suffices to show that the 0-th cohomology of the cone complex Cone(N) is
isomorphic to Ap, its cohomology in all other degrees vanishes since this is the case for
the source and the destination of the morphism of complexes N .

Let x1, . . . , xm be local coordinates at a face σ. If β ∈ H0(St(σ),A p,0
X ) is a d′′-closed

superform then it is of the form
∑
|I|=p bId

′xI for some constants bI , and Nβ is of the
form ∑

|I|=p−1

m∑
j=1

(−1)p sgn(j, I ∪ {j})bI∪{j}d′xI ∧ d′′xj.

If α =
∑
|I|=p−1 fId

′xI then d′′α = Nβ implies

∂fI
∂xj

= sgn(j, I ∪ {j})b|I|∪{j}
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for all I such that |I| = p− 1 and all j, 1 ≤ j ≤ n. Therefore,

fI =

{ ∑m
j=1 sgn(j, I ∪ {j})bI∪{j}xj + aI , j /∈ I,

0, j ∈ I. ,

for some constant aI . To conclude observe that the space of forms α ∈ A p−1,0 such
that there exists a form β ∈ A p,0 such that d′′α = Nβ coincides with the space of froms
from the statement of Lemma 5.3.1. �

Corollary 5.3.3. For any p, q ≥ 0, N is the coboundary morphism in the long exact
sequence

0→ Hq(Λp)→ Hq(Ap+1)→ Hq(Λp)
N−→ Hq+1(Λp)→

→ Hq+1(Ap+1)→ Hq=1(Λp+1)
N−→ Hq+2(Λp)→ Hq+2(Ap+1)→ . . .

associated to the short exact sequenece (3.1).

6. Λp on Kulikov degenerations of K3 surfaces

6.1. Singular affine structure and sheaf Λ1. A Kulikov degeneration f : X →
S is a unipotent snc degeneration such that the central fibre is reduced and KX =
0. By a theorem of Kulikov, Persson and Pinkham [Kul77, PP81] any unipotent snc
degeneration f ′ : X ′ → S of K3 surfaces can be made a Kulikov degeneration f : X → S
after a bimerorphic modification X ′ 99K X over S. Depending on the unipotency rank
of the monodromy, ∆X is homeomorphic to a point, to an interval, or to a 2-sphere. In
the latter case, the case of maximally unipotent monodromy, or Type III degeneration,
Yi are rational surfaces, double curves are smooth rational curves, and since ∆X is a
manifold, the double curves on a given component Yi form a cycle.

An anticanonical pair is the data of a smooth projective surface V and a divisor
D ∈ |−KV | that is a sum of rational curves Di forming a cycle and intersecting normally.
By adjunction formula one easily sees that (Yi,

∑
Yij) are anticanonical pairs. To an

anti-canonical pair one can associate a polygon, called its pseudo-fan, endowed with a
singular affine structure ([GHK15, Section 1.2], [Eng18, Section 3], [AET19, Section 8]).

An affine structure on a manifold V is a flat torsion-free connection on its tangent
bundle. An integral affine structure is the data of an affine structure together with a flat
Z-local system T ZV ⊂ TV which spans TV . For any point p ∈ V it is possible to find a
local coordinate system x1, . . . , xn on a neighbourhood U of p, so that the action of∇ on
differential forms coincides with the de Rham differential. If additionally T ZV is chosen,
one can choose such coordinate system in a way that ∂/∂x1, . . . , ∂/∂xn generate T ZV .
Given two such local charts, a transition function between them belongs to SLn(Z)oRn.
Providing an atlas of charts with such transition functions is equivalent to defining an
integral affine structure.

By a singular affine structure on a surface we understand an affine structure on a
complement of finitely many points. A point is called a singularity of a given singular
affine structure if the affine structure cannot be extended to this point.

Definition 6.1.1 (Singular affine structure on a pseudo-fan). A pseudo-fan of an anti-
canonical pair (V,D) is a triangulated surface with boundary endowed with a singular
integral affine structure on the interior as follows. The triangles are identified with
triangles in R2, spanned by vectors corresponding to the irreducible components of D,
all vectors originating in a fixed point o. The gluing is defined by identifying pairs of
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adjacent triangles, possibly with repetitions (in case D is irrecudible) with pairs of tri-
angles of lattice volume 1, spanned by three vectors gi, gj, gk (corresponding to a chain
of irreducible components Di, Dj, Dk) such that

gi + gk = dj · gj,
where dj = −D2

j if Dk is a smooth rational curve and dj = −D2
j + 2 if Dj is a nodal

rational curve.

Consider a Kulikov degeneration f : X → S. If o ∈ ∆X , the closed star St(o) can
be identified with the pseudo-fan of the anti-canonical pair (Yo,

∑
i Yoi). By [Eng18,

Proposition 3.10], the singular integral affine structures on stars of all vertices of ∆X

glue together to singular affine structure on the whole of ∆X .
We are now going to compare this singular affine structure with the one defined by

the sheaf Λ1 (since sheaves Λ1 were defined over Q, we will not concern ourselves with
integrality in this discussion). In view of Definition 3.3.3 we can pass to a subdivision
of ∆X by blowing up some strata, so that we can ensure that there are no double curves
that intersect in more than one point. Since such blow-ups introduce components of
multiplicity> 1, we will have to modify the definition of the affine structure on a pseudo-
fan to take the multiplicities into account. Note that we do not have to consider the
degenerate case when the divisor in an anticanonical pair is a nodal curve, since such
pairs do not occur as irreducible components of the central fibre of Kulikov models.

Definition 6.1.2 (Singular affine structure on ∆X). Let f : X → S be a degeneration
of K3 surfaces obtained from a Kulikov model by a sequence of blow-ups of strata. For
any irreducible component Yo of the central fibre the singular affine structure on St(o)
is defined by specifying affine structure on stars of all 1-dimensional faces containing o
as follows. Let σ, η ⊂ X be a pair of adjacent triangles, σ = { o, i, j }, η = { o, j, k },
define affine structure on σ ∪ η by identifying σ and η with a pair of triangles in R2, of
lattice volume 1/Nσ, 1/Nη respectively, spanned by three vectors gi, gj, gk such that

Nigi +Nkgk = doj ·Njgj,

where doj = −Y 2
oj on Yo.

Lemma 6.1.3. For any pair of adjacent triangles σ, η as above

Nodjo +Njdoj = Ni +Nk.

Proof. Follows immediately from writing out the restriction of
∑
NiYi, which is a prin-

cipal divisor, to Yoj. �

Proposition 6.1.4. Definition 6.1.2 is consistent with respect to subdivisions of ∆X

induced by blow-ups of strata.

Proof. Let gi, gj, gk be vectors corresponding to double curves Yoi, Yoj, Yok. We need to
consider the following modifications that will affect the subdivision of ∆X :

i) blow up of any of Yoi, Yoj, Yok;
ii) blow up of any of Yij, Yjk;

iii) blow up of any of the triple points Yoij, Yojk.

In all cases, denote Ye the exceptional divisor.
Case (i). Let Yok be the center of the blow-up for definiteness. Then Ne = No +

Nk, ge = Nk/Negk spans a triangle of volume Nη ·Nk/Ne = 1/(NoNjNe) with gj and

Njdojgj = Nigi +Nkgk = Nigi +Nege,
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implying that the singular affine structure on the union of σ with the triangle oje is
the restriction of the singular affine structure on the union of σ and η. The case when
Yoi is the center of the blow-up is treated similarly.

Let Yoj be the center of the blow-up. Then Ne = No + Nj, ge = Nj/Negj spans
triangles of volume 1/(NoNiNe) and 1/(NoNkNe) with gi and gk, respectvely. We have
doe = doj and

Nedoege = Njdojgj = Nigi +Nkgk.

Let us now check that the affine structure near e is the restriction of the affine
structure on σ ∪ η before subdivision. The exceptional divisor Ye is a projective bundle
over Yoj, the projectivisation of OYoj(doj) ⊕ OYoj(djo)), and Yei, Yek are its fibres, so
dei = dek = 0. The curves Yoe, Yej are its sections and we have deo = −dej = djo − doj.

We have the following vectors originating in e:

hi = gi − ge, hj = gj − ge, hk = gk − ge, ho = −ge
Clearly,

Noho +Njhj = −Noge +Njgj −Njge = Njgj −Nege = 0 = Ni · 0 · hi = Nk · 0 · hk,
so the affine structure on the subdivided σ as per Definition 6.1.2 coincides with the
flat affine structure on σ before subdivision, and similarly for η.

To check that the subdivision does not affect the affine structure on the adjacent
halves of triangles σ, τ , apply Lemma 6.1.3 and the identity for Nedoege already estab-
lished, so we get

Nihi +Nkhk = Nigi +Nkgk − (Ni +Nk)ge = Nedoege − (Nodjo +Njdoj)ge =

= (Nodoj +Njdoj −Nodjo −Njdoj)ge = −Nodeoge = Nodeoho,

and analogously,

Nihi +Nkhk = Nigi +Nkgk − (Ni +Nk)ge = Njdojgj − (Nedje +Njdej)ge =

= Njdojgj −Njdjogj −Njdejge = Njdej(gj − ge) = Njdejhj.

Case (ii). Let Yjk be the center of the blow-up for definiteness, and let Ye be the
exceptional divisor. The strict transform Y ′o of Yo is a blow up of Yo in the triple point
Yojk with the exceptional curve Yoe. Clearly, doe = 1, and Ne = Nj+Nk. Denote d′oj, d

′
ok

the negative self-intersection numbers of the strict transforms of the double curves
Yoj, Yok. Clearly, d′oj = doj + 1, d′ok = dok + 1. Then putting ge = (Njgj +Nkgk)/Ne, we
get

Njgj +Nkgk = Nege = Nedoege,

and

Nigi +Nege = Nigi +Njgj +Nkgk = Nj(doj + 1)gj = Njd
′
ojgj,

and observe that the subdivision does not affect the affine structure.
Case (iii). Let Yojk be the center of the blow-up for definiteness. Denote as before Ye

the exceptional divisor and d′oj, d
′
ok the negative self-intersection numbers of the strict

transforms of the corresponding double curves. Clearly, Ne = No+Nj+Nk, d
′
oj = doj+1,

and Yeo, Yej, Yek is a triangle of lines on Ye ∼= P2.
Let ge = (Njgj +Nkgk)/Ne. Then similarly to the previous case,

Njgj +Nkgk = Nege = Nedoege,

and

Nigi +Nege = Nigi +Njgj +Nkgk = Njd
′
ojgj.
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Let ho = −ge, hj = gj − ge, hk = gk − ge, then the fact that the affine structure on
the subdivided triangle ojk is the same as the affine structure on it before subdivision
folows from the equality

Noho +Njhj +Nkhk = 0

and the fact that double curves on Ye have self-intersection 1. �

Consider an anticanonical pair (V,D), then a blow up at a point p ∈ D gives rise to
an anticanonical pair (V ′, D′) where D′ is the log pull-back of D. Denote D′i the strict
transforms of irreducible components Di of D and let De be the exceptional divisor;
denote dk, d

′
k the self-intersection numbers of the components on V , V ′, respectively.

If p is a smooth point of Dj then D′ =
∑
D′i and d′i = di, i 6= j and d′j = dj − 1 and

(V ′, D′) is called an internal blow-up. If p is a node, then the exceptional disivor De is
a summand of D′, d′e = 1 and d′i = di + 1 for two components Di that contain p. In
this case (V ′, D′) is called a corner blow-up.

By Proposition 2.12[Fri15], for any anti-canonical pair (V,D) there exists a sequence
of corner blow-ups resulting in a pair (V ′, D′) and a toric variety V̄ with toric boundary
D̄ such that (V ′, D′) is obtained from (V̄ , D̄) by a sequence of internal blow-ups. Notice
that both Definition 6.1.1 and Definition 6.1.2 define a singular affine structure on R2,
which can be regarded as the cone over the boundary of a pseudo-fan of a toric model
or of St(i).

Proposition 6.1.5. If f : X → S is a Kulikov degeneration of K3 surfaces, then the
sheaf Λ1 on ∆X coincides with the sheaf of affine functions with rational coefficients
with respect to the singular affine structure given by Definition 6.1.2.

Proof. If α is a face of dimension 2 then by definition of the sheaf Λ1, Λ1(σ) coincides
with the space of affine functions on the interior of σ.

Consider two trianges σ and η which share an edge α. Let σ = { o, i, j }, β = { o, j, k }.
Then

Λ1(σ) = { f ∈ Ā1(α) | f(o) = 0 and Nif(i)Yi +Njf(j)Yj +Nkf(k)Yk ∼Yα 0 }
The condition on f can be rewriten as

Nif(i)Yi.Yj +Nkf(k)Yk.Yj = Nif(i) +Nkf(k) = Nj(−Y 2
j )f(j)

which coincides with the condition imposed on f to be affine in a neighbourhood of α
with respect to the affine structure defined in Definition 6.1.2.

Let o be a vertex in ∆X . We perform enough blow-ups of strata so that ∆X is a
simplicial complex and so that the anti-canonical pair (Yo,

∑
Yoi) can be obtained from

a toric anti-canonical pair (Ȳo,
∑
Ȳoi) by a sequence of internal blow-ups. We have

Λ1(o) = { f ∈ Ā1(o) | f(o) = 0 and
∑

Nif(i)O(Yi)|Yo ∼Yo 0 },

and we need to check that Λ1(o) consists of affine functions with rational coefficients
(with respect to the affine structure from Definition 6.1.2) that vanish at o.

If (Yo,
∑
Yoi) is toric, this statement is true by [Eng18, Proposition 3.9] and Corol-

lary 3.4.2. The star of i is identified with a polygon in R2 with its standard integral

affine structure, spanned by vectors ej, j ∈ St
0
(i) and the elements of Λ̄1(i) are identi-

fied with the functions that are piece-wise linear on the triangles that belong to St(i).

Such functions are completely determined by their values in points j ∈ St
0
(j).

Let us analize how an internal blow-up affects the affine structure on the pseudo-fan of
a toric canonical pair. A sequence of blow-ups of smooth points Yij introduces a shearing
transformation (see [Eng18, Section 3]) with the effect that functions in a neighbourhood
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of i that are affine with respect to the resulting singular affine structure must be constant
along the vector ej. If one performs internal blow-up on two components Yij, Yik such
that ej, ek are not collinear, then there are no non-constant affine functions.

The general case follows from the following Claim.
Claim. Let h : (Y ′, D′) → (Y,D) be an internal blow-up of a smooth point p ∈ Di,

let I be the set of irreducible components of D (and D′) and let {Ni }i∈I be a set of
integers. Define the following sets

AffY ′ = { f : I → Q |
∑

Nif(i)D′i ∼Y ′ 0 },AffY = { f : I → Q |
∑

Nif(i)Di ∼Y 0 },

which we will also interpret as sets of functions on R2 that are linear on the cones
spanned by e1, . . . , ej. Then

f ∈ AffY ′ if and only if f ∈ AffY , f(i) = 0.

Indeed, since ∑
Nif(i)D′i = h∗(

∑
Nif(i)Di))−NiE

and E is linearly independent from the image of Pic(Y ) in Pic(Y ), the above expression
can vanish if and only if both summands vanish.

�

We will now show that the conditions of Theorem 5.1.6 are satisfied at least for some
Type III Kulikov models.

Proposition 6.1.6. Let Y be an snc surface such that its irreducible components are
rational. Then a combinatorial class ω ∈ H2(Y ) is combinatorial Lefschetz if and only
if (ω|Yi)2 > 0 and ω|Yσ 6= 0 for all irreducible components Yi and double curves Yσ.

Proof. Necessity is immediate.
The class ω satisfying the conditions in the statement of the proposition clearly

restricts to a Lefschetz class on double curves, so we only need to check whether its
restrictions to Yi are Lefschetz. A rational surface has cohomology classes of type
(0, 0), (1, 1), (2, 2) only, therefore any class with non-zero square satisfies the Lefschetz
property. The Hodge-Riemann bilinear relations hold immediately on H0,0(Yi) and
H2,2(Yi) by the positivity of ω2, and they hold on H1,1 since the intersection form is
negative definite on KerLω ⊂ H2(Yi) by Hodge index theorem. �

By the triple point formula [Kul77, 2.1], for all double curves in a Type III Kulikov
model we have

(Yij)
2|Yi + (Yij)

2|Yi = −2.

Proposition 6.1.7. Let f : X → S be a Type III Kulikov model such that all double
curves have square −1. Then there exists a combinatorial Lefschetz class on Y = f−1(0).

Proof. Let ωi =
∑

j∈St
0
(i)
c1(OYi(Yij)). Then ωi|Yij = ωj|Yij since

ωi.Yij = 2 + Y 2
ij = ωj.Yij,

so there exists a class ω ∈ H2(Y ) such that ω|Yi = ωi. Clearly, this class is combinatorial
and

ω2
i =

∑
σ:i∈σ

2 +
∑

j∈St
0
(i)

−1 > 0 and ωi|Yσ 6= 0,

so it is combinatorial Lefschetz by Proposition 6.1.6. �
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6.2. Positive (1, 1)-superforms. One can observe that the data of a (1, 1)-superform
ω ∈ A 1,1(O), O ⊂ V such that Nω = 0 is equivalent to that of a (pseudo-)metric
tensor. We call ω positive if the symmetric 2-form it defines on a tangent space TxV
is positive for all points x ∈ O. A section ω ∈ H0(∆X ,A

1,1) is called positive if its
restriction to each St(σ) gives rise to a positive (1,1)-superform on St(σ) ⊂ T∆Xσ.

Proposition 6.2.1. For any p ≥ 0 there exists a quasi-isomorphism from the complex
(H0(∆X ,A

p,•
X ), d′′) to the complex of singular chains C•(∆X ,Λ

p ⊗ R).

Proof. Let ω be a p, q-superform defined in a neighbourhood of a face σ ⊂ ∆X . By
definition, ω is in a neighbourhood of σ by a germ ω̃σ of a p, q-form in a neighbourhood
of e(St(σ)) ⊂ Tσ∆X . The latter can also be regarded as a Λp-valued q-form, which we
will denote ω̄σ. Define

Ip(ω) =
∑
|σ|=p+1

∫
σ

ω̄σ

This map defines a morphism of complexes by the Stokes theorem for superforms:

Ip(d
′′ω) =

∑
|τ |=p+2

∫
τ

dω̄σ =
∑
|τ |=p+2

∫
∂τ

dω̄σ =
∑
|τ |=p+2

∑
σ:σ=τ\{i}

sgn(u, τ)

∫
σ

ωσ

Since this map defines a quasi-isomorphism between two resolutions of the sheaf Λp, it
induces an isomorphism Hq(A p,•(∆X), d′′))→ Hq(C•(∆X ,Λ

p
X ⊗R)) for any q ≥ 0. �

Recall that a function f : U → R on a convex domain U ⊂ Rn is convex is it is
continuous and all sublevel sets Uc := { x ∈ U | f(x) ≤ c } are convex. It is strictly
convex if Uc are strictly convex, that is, if every line segment that lies in Uc is contained
in the interior of Uc except maybe its endpoints. Let Σ ⊂ Rn be a polyhedral compelx,
then a PL function on Σ is called strictly conex if it is convex and additionally its
restriction to a neighbourhood of any polyhedron in Σ is not linear.

This definition makes on ∆X when X is a Kulikov degeneration. In this case we
call a function on St(i) strictly convex if its restrictions to St(σ) are convex for all σ
containing i — where St(σ) is identified with a pair of triangles in R2 using the affine
structure on ∆X .

Proposition 6.2.2. Let X → S be a Kulikov degeneration. If ω is a symmetric d′′-
closed superform on ∆X , let (aσ) be a cocycle that corresponds to ω under the quasi-
isomorphism from Proposition 6.2.1 and let L be the corresponding virtual line bundle.
Assume that away from the singularities of affine structure ω is positive definite, then
there exists a PL convex metrization of L.

Proof. A PL metrization of L is a collection of sections hi ∈ H0(St(i), Λ̄1) such that
hi − hj = aσ for all one-dimensional faces σ ⊂ ∆X , σ = i, j. We will regard hi as PL
functions vanishing at 0 and linear on faces contaning i.

For each vertex i take a function fi ∈ A 0,0(St(i)) such that d′d′′fi = α|St(i) and

∂fi
∂x1

(i) =
∂fi
∂x2

(i) = 0,

where x1, x2 is some coordinate system at i. To define hi, suffices to define them on
vertices that belong to St(i):

hi(j) = fi(j).
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Since d′d′′fi = d′d′′fj = 0, the functions fi and fj have the same Hessian matrix on
St(i) ∩ St(j) and we have that

fi − fj =
∂fi
∂x1

x1 +
∂fi
∂x2

x2 + c

for some constant c ∈ R. But the linear part of the difference is precisely the value of
the cocycle aij. �

Corollary 6.2.3. Let T be a positive supercurrent on ∆X . Then there exists a virtual
line bundle L on ∆X and a PL convex metrization h.

Proof. By [Lag11, Theorem ] there exist non necessarily smooth functions fi such that
d′d′′fi = T on St(i) in the sense of currents. Pick some such functions and define, as in
the proof of Proposition 6.2.2,

hi(j) = fi(j)

It is then clear from the definition that

aij = [hj − hi]

forms a cocyle in H1(∆X ,Λ
1) that gives rise to a virtual line bundle L with PL metri-

sation (hi). �

Proposition 6.2.4. Let f : X → S be a Kulikov degeneration, let L be a virtual line
bundle on ∆X and h be a PL metric on L. If h is stritcly convex then c1(L, h)i ∈ H2(Yi)
is combinatorial Lefschetz.

Proof. Let hi ∈ H0(St(i), Λ̄1) be a trivialization of h in St(i). As before, we will identify
hi with piece-wise linear functions such that hi(i) = 0. We need to show that the class

c1(L, h)i =
∑

j∈St
0
(i)

Nih(i)c1(OYj(Yij)) ∈ H2(Yi)

has a positive square.

c1(L, h)2
i =

∑
o∈St

0
(i)

N2
j h(j)2Y 2

ij + 2
∑
∃σ⊂St(i)

σ={ i,j,k }

NjNkh(j)h(k).

Since c1(L, h)i does not change when a linear function is added to hi, we may assume

that hi strictly positive on all vertices of St
0
(i). Since hi is strictly convex, from the

definition of affine structure on ∆X for any triple of adjacent vertices j, k, l ∈ St
0
(i) we

have

Njh(j) +Nk(Y
2
ik) · h(k) +Nlh(l) > 0,

where Y 2
ik is the self-intersection of the curve Yik on Yi, and hence

NkNjh(k)h(j) +N2
k (Y 2

ik) · (h(k))2 +NkNlh(k)h(l) > 0,

summing up these expressions for all triples j, k, l of adjacent vertices in St
0
(i) we obtain

the expression for c1(L, h)i, and therefore c1(L, h)i > 0. �
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6.3. Simple affine structure singularities. Let X → S be a Kulikov degeneration
and let Yi be an irreducible component of the central fibre. Take an anticanonical pair

(Yi, D), D =
∑

∃σ:σ={ i,j }

Yj ∩ Yi,

and assume that it is obtained from a toric anticanonical pair (Ȳi, D̄) by a single blow-
up of a smooth point p ∈ Yij ⊂ D̄. Applying Definition 6.1.2 one observes that the
monodromy matrix of the affine structure around i is(

1 1
0 1

)
in the basis consisting of vectors ij, ik. This is the simplest affine structure singularity.

Now assume that all non-toric irreducible components Yi become toric after blowing
down on every one of them of a single exceptional curve Ci that intersects the double
locus of Y in one point. Let X ′ be the blow up in X of all such curves Ci on non-toric
irreducible components Yi of the central fibre Y . The morphisms

Hq(∆X′ ,Λ
p
X′)
∼= grW2p H

p+q(X ′∞)

are isomorphisms since
′
H2•(Y ′σ) = H2•(Y ′σ) for any stratum Y ′σ of Y . We will show

in this section that the cohomology of Λ0,Λ1,Λ2 did not change when passing to ∆X′ .
In the paper [Sus22] I show that ∆X admits a Kähler superform and therefore by
Propositions 6.2.2 and 6.2.4 the morphisms

Hq(∆X ,Λ
1
X) ∼= grW2p H

p+q(X∞)

are isomorphisms too. This is parallel to the results of Ruddat [Rud10] that show that
affine cohomology recovers full nearby fibre cohomology in case of toric degenerations
with simple singularities.

Proposition 6.3.1. The sheaf Λ•X′ is regular at any face σ ⊂ ∆X′ and there exist a
surjective morphism

H1(∆X ,Λ
1
X)→ H1(∆X′ ,Λ

1
X′).

and an injective morphism

H0(∆X ,Λ
1
X) ↪→ H0(∆X′ ,Λ

1
X′).

For p ∈ { 0, 2 } and any q there exist isomorphisms

Hq(∆X ,Λ
p
X) ∼= Hq(∆X′ ,Λ

p
X′).

Proof. Since the modification X ′ → X is performed in a similar manner in a neighbour-
hood of each non-toric component Y , so below we will concentrate on the situation and
fix notation for the strata near one such component, Yi.

Let Yj be the irreducible component of Y that contains the double curve Yij that Ci
intersects, and let Yk and Yl be the irreducible components of Y that intersect Yij in
triple points.

We may assume that Yj is toric and that the double curves on it are irreducible
components of the toric boundary divisor, otherwise, reduce to this situation by doing
a base change with respect to a finite cover S → S of sufficiently high degrre and
resolving the arising singularities.

Denote Y ′ the central fibre of X ′ and Y ′i the strict transforms of the strata of Y ,
and denote Y ′e the exceptional divisor, whose multiplicity is Ne = Ni + Nj. Note that
Y ′i
∼= Yi and that Y ′j is a blow-up of Yj in the triple point C ∩ Yij. The normal bundle
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of C in X is a direct sum of the normal bundle of C in Yi, which is OC(−1), and the
restriction of the normal bundle of Yi in X to C which is equal to

OYi(−
∑

o∈St
0
(i)\{i}

NoYo)|C = OC(−1).

It follows that Y ′e
∼= P1×P1.

Since the stars of vertices k and l and the corresopnding stata do not change when
passing from ∆X to ∆X′ , the sheaves Λi, i = 1, 2 also do not change near these vertices,
and we only need to compute the sections of these sheaves near faces i, j, e, ij, j, ie, je.

We have

OX′(Y ′e )|Y ′ie = OY ′ie(−1), OX′(Y ′i )|Y ′ie = OYie(−1), OX′(Y ′j )|Y ′ie = OY ′ie(1),

OX′(Y ′e )|Y ′je = 0, OX′(Y ′i )|Y ′je = OY ′je(1), OX′(Y ′j )|Y ′je = OY ′ie(−1).

From the considerations above one gets immediately that

Λ1
X′(e) = 0, Λ1(ie) = Λ1(je) = { f : { i, j, e } → Q | f(i) = f(j) }/ const .

Any element of Λ̄2(ie) or Λ̄2(je) is proportional to i ∧ j but

c2
ie(i ∧ j) = c1

ie(j)⊗ i c2
je(i ∧ j) = c1

ie(i)⊗ j
and both expressions are non-zero. Therefore,

Λ2(e) = Λ2(ie) = Λ2(je) = 0.

First of all, we have

OX′(Y ′k)|Y ′ij = OX′(Yk)|Yij = OYij(1), OX′(Y ′l )|Y ′ij = OX(Yl)|Yij = OYij(1).

Since Y ′j is a blow-up of Yj, Y
′
i = Yi and Y ′ij = Yij, we have

OX′(Y ′i )|Yij = OY ′ij((Y
′
ij)|2Y ′i ) = OYij((Yij)|2Yi) = OX(Yi)|Yij ,

OX′(Y ′j )|Yij = OY ′ij((Y
′
ij)|2Y ′j ) = OYij((Yij)|2Yj − 1) = OX(Yj)|Yij ⊗OYij(−1).

If we identify elements of Λ1
X(ij), resp. Λ1

X′(ij), with maps f , resp. f ′, on finite sets
{ i, j, k, l }, resp. { i, j, k, l, e }, up to constant maps then we see that there is a natural
inclusion

ι : Λ1
X(ij) ↪→ Λ1

X′(ij), [f ] 7→ [f ′], where f ′(e) = f(i) + f(j), f ′|{ i,j,k,l } = f |{ i,j,k,l }.
The sections of Λ1(ij) are of the form f ′ + g where f ∈ Λ1

X(ij) and g is a function
supported on { i, j, e } such that

(g(e)OX′(Y ′e ) + g(i)OX′(Y ′i ) + g(j)OX′(Y ′j ))|Y ′ij = 0

To compute Λ2(ij) note that any element of Λ̄2(ij) is represented by a tensor of the
form i ∧ a where a is a linear combination of e, k, l and that

c2
ij(i ∧ a) = c1

ij(a)⊗ i.
It follows that

Λ2
X′(ij) = { i ∧ a | a|ij = 0, a ∈ Λ1

X′(ij) }.
In particular, dim Λ2

X′(ij) = 1.

From the computations of Λ2
X′(ij) we conclude that Λ2

X is a constant sheaf in the
neighbourhood of i and j.

Summing up, the sections of the sheaf Λ1
X′ near vertices i and j are sums of pull-

backs of sections on ∆X ⊂ ∆X′ that are affine with respect to a certain non-singular
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affine structure under a certain natural projection map ∆X′ → ∆X that collapses the
triangle ije onto the its edge ij, and sections supported outside ∆X . The sheaf Λ2

X′ is
a push-forward of the constant sheaf along the open embedding of the complement of
the boundary of the space ∆X′ into ∆X′ . It is also clear from the computations that
Λ• is regular at every face of ∆X′ .

Since ∆X is homotopy equivalent to ∆X′ , there exist isomorophisms H•(∆X ,Λ
p
X) ∼=

H•(∆X′ ,Λ
p
X′) for p = 0, 2. Is is left to treat the Λ1 case.

Consider an inclusion C•(∆X ,Λ
1) ↪→ C•(∆X′ ,Λ

1
X′) of complexes

0 //
⊕

u∈∆X

Λ1(u)
d //

ι

��

⊕
|σ|=2

σ⊂∆X

Λ1(σ)
d //

ι

��

⊕
|τ |=3

τ⊂∆X

Λ1(τ) //

ι

��

0

0 //
⊕

v∈∆X′

Λ1(v)
d //

⊕
|α|=2

α⊂∆X′

Λ1(α)
d //

⊕
|η|=3

η⊂∆X′

Λ1(η) // 0

Since there are no coboundaries in degree 0 the first map is an inclusion.
For the last statement we only need to analyze the cocycles with coefficients in Λ1

X

and Λ1
X′ near the glued in triangles, since away from them the sheaves are isomorphic.

We keep the notation for vertices and strata from the computations above.
Let (aα) ∈ ⊕|α|=2Λ1

X(τ) be a cocycle. Since a cocycle must satisfy in particular

d(aα)|{ i,j,e } = 0

but
Λ1(ij)|{ i,j,e } ∩ Λ1(ie) = Λ1(ij)|{ i,j,e } ∩ Λ1(je) = 0,

we have then aij|{ i,j,e } = 0. In particular, (aα) ∈ Im ι.
�

Note that since H0(∆X′ ,Λ
1
X′)
∼= grW2 H1(X ′∞) = 0, ι : H0(∆X ,Λ

1
X) → H0(∆X′ ,Λ

1
X′)

is an isomorphism.
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